LOCAL STABILITY OF STATIONARY EQUILIBRIA
(VERY PRELIMINARY AND VERY INCOMPLETE)

MARCIN PESKI AND BALAZS SZENTES

ABSTRACT. This paper characterizes stable stationary equilibria in large popula-
tion dynamic games. Each player has a type which changes over time. A player’s
flow payoff as well as the evolution of her type depends on the distribution of popu-
lation types and population strategies. A stationary equilibrium is called stable if,
after perturbing the equilibrium strategies slightly, revision dynamics converge back
to the equilibrium. We derive simple sufficient (and almost necesarry) conditions
for stability. These conditions involve eigenvalues of a one-dimensional familiy of
matrices. Moreover, in order to check whether an equilibrium is stable, it is enough

to consider sine wave perturbations of the equilibrium.

1. INTRODUCTION

A large literature on learning is concerned with the convergence of boundedly ratio-
nal best-response dynamics. Players receive opportunities to revise their actions and
some information about the actions of others. Players ignore the fact that others will
update their actions in the future, and best-responde to the current action profile as
if it was never to change. This literature typically focuses on learning in normal form
games. That is, the game played in each period is the same. In this paper, we seek to
develop a theory of learning in dynamic games, where the game that agents face in
each period is potentially different and its can depend on the population strategies.

In the specific model analysed in this paper, there is a continuum of agents. Each
agent has a finite type space. The type of an agent changes over (continuous) time,
and its evolution as well as the agent’s payoffs are determined by the strategy of
the agent, the strategies and types of the others. Because current actions affect not

only current payoffs but also future distribution of types and payoffs, the agents have
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long-run incentives." An equilibrium is called stationary if neither the population
strategies, nor the distribution of types change over time. We seek to characterize
the stable stationary equilibria of our model. An equilibrium is called stable if, after
perturbing the equilibrium strategies slightly, revision dynamics imply convergence
back to the equilibrium. In order to model revision dynamics, we assume that each
player stochastically receives rare opportunities to update her strategy. Whenever a
player has this opportunity, she forms a prediction regarding the population strategies
and adjusts her strategy to best respond to the predicted environment.

Let us explain the main conceptual difficulty of extending the theory of learning
to dynamic games. The standard assumption in the context of static games is that
whenever an agent revises her behavior, she acts under a myopic assumption that the
other players actions are never going to be updated in the future.? If the game is
dynamic, an agent’s strategy is a mapping from the set of future periods to actions.
Even if the agent ignores the others’ opportunities to revise their strategies, she still
consider a possibility that the actions played will vary in time. Therefore, one must
carefully model how the prediction about population strategies are formed.

We consider two scenarios regarding how players form their predictions. In the
first scenario, whenever a player can revise her strategy she perfectly observes the
strategies of the others. In other words, a player understands perfectly well how the
action of others vary in time. The dynamic generated from these predictions is the
straightforward conceptual generalization of the myopic best-response dynamics in
normal form games and we refer to as best-response dynamic. Assuming that agents
observe population log-run strategies is obviously problematic because at the moment,
these strategies exist as intentions, yet to be executed. We treat the best-response
dynamic as a benchmark. In the second scenario, players observe past actions of the
others and forecast their strategies from detected patterns. Players can only detect
patterns with certain fixed frequencies, including the zero frequency that corresponds

to constant average actions. By varying the detectable frequencies, we can consider

'Our model is a continuous time version of dynamic games widely used across the economic theory
(examples include ?, 7, 7, and 7).

ZFor the overview of the theory of learning in static games see see ?, ?, or ?.
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different levels of sophistication. For example, if only actions can be observed, the
dynamic extends standard model of fictitious play. We refer to such a dynamic as
learning dynamic.

The main result of this paper is a characterization of stable stationary equilibria
of our model when the revision opportunities are rare. We first show that in order to
check whether an equilibrium is stable, it is enough to consider sine wave perturba-
tions of the equilibrium. A sine wave perturbation is essentially a repetitive oscillation
around the equilibrium strategy. A particular perturbation can be parametrized by
the frequency of the oscillation and the “amplitude” vector of actions. It turns out
that the best response to such a sine wave perturbation of a certain frequency is
well-approximated by another sine wave perturbation of the same frequency. More-
over, the relationship between the perturbation and the (approximate) best response
is linear, and hence, the best-response operator can be identified with a matrix. Of
course, this matrix depends on the frequency of the oscillation, and hence we need
to consider a family of matrices parametrized by all possible frequencies. In the case
of best-response dynamics, our main result is that a stationary equilibrium is stable
if the real part of all the eigenvalues of each matrix in this family is negative. Con-
versely, if the real part of an eigenvalue of at least one matrix is strictly positive, the
equilibrium is unstable. In the case of learning-dynamics, the real parts of the eigen-
values need to be negative only of those matrices which correspond to a frequency
which is detectable by the players.

Our results are limited to the case when the revision opportunities are rare. More
precisely, the sufficient conditions for stability may fail if the revision opportunities
arrive fast (the necessary conditions remain necessary regardless of the speed of the
dynamics). We view slow revision dynamics as more consistent with the spirit of
learning and bounded rationality that motivates the literature.

It is instructive to compare our results with analogous results known in the static
case. The best response dynamic in the dynamic games is closely related to the con-
tinuous time best response dynamic in static games; similarly, the learning dynamic is
related to the models of fictitious play The asymptotic stability of a Nash equilibrium

depends on the eigenvalues of the Jacobian of the best response function computed
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at the equilibrium. The main difference here is that the strategies in the dynamic
models are much more complicated than in the static case. Instead of one, we need an
entire one-dimensional family of matrices to characterize the stability. The role of the
frequency parameter w is inherently dynamic as it describes how the strategies change
over time. It is worth to point out that the oscillations of strategies represent a differ-
ent issue than the cycling of the dynamic. The latter appear if the eigenvalues have
imaginary components both in the static (matching pennies, or Rock-Scissors-Paper
game) and in the dynamic case (see Section 3) below.

The paper is divided as follows. Section 2 introduces the model and the definitions
of the dynamics. Section 4 defines the constants that characterize the stability of an
equilibrium. Section 3 discusses an example of a dynamic game with a unique sta-
tionary equilibrium that is not stable with respect to the revision dynamics. Sections
5, 6, and 7 characterize the stability of, respectively, the evolution type distribution
with respect to the perturbations of the type distribution, and the stability of the
stationary equilibria with respect to the two kinds of revision dynamics. Section 8

concludes. The Appendix contains all the proofs.

2. MODEL

Fix Banach space X. The norm on X is denoted with ||.||x or simply ||.|| whenever
it does not lead to confusion. Let X to denote the Banach space of all continuous
functions x : Ry — X with the “sup” norm, |x|/x = sup;>¢ [[x¢||x. For each mea-
sure space (C,C, u), let D ((C,C, ) ; X) denote the Banach space of (a.e. equivalence
classes of) Bochner C-measurable, square-integrable with respect to Lebesgue mea-
sure, mappings w :  — X with the L%norm.*We also write D (C; X) or D (X) if
the measurable structure or the entire measure space is known from the context. We

assume that X is immersed in X, and DX via constant mappings.

2.1. Dynamic game. Continuous time is indexed with t € R. The players discount

future payoffs at constant rate r > 0.

3Bochner spaces LP (T; X) for 1 < p < oo are generalization of standard LP spaces of (equivalence
classes of) measurable real-valued functions f : T — R to functions that take value in Banach space

X. A function is Bochner measurable if it is an a.e. limit of countably-valued measurable functions.
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There is a continuum of agents. In each period, each agent plays action a € A,
where the set of actions A is a finitely dimensional (Euclidean) space. Additionally,
each agent has a private type 6 that belongs to a finite set ©. The types of the players
may evolve throughout the game.

In each period, the agents payoffs and the dynamics of types depends on the current
average distribution e € A (A x ©) over the actions and types in the population. The
instantaneous payoffs of a player with action a and type 6 are equal to

> e(b,¢)g(a,0,0,0).
b,
The type of a player evolves according to a Poisson process and its evolution is
independent from the evolution of the types of the other players. The rate at which
type 0 of a player changes into type ¢’ # 6 is equal to
> e(b.¢)y(0'50,0,0,¢) > 0.
b,

It is convenient to define the rate of “out” transitions out of state 0 as

v (0;a,0,b,¢) ==~ v(¢;a,0,b,¢)

0/ 40
for all actions a,b € A and types 6, ¢. Define a vector of transition rates
v (a,0,b,0) =[v(¢;a,0,b,0)yco - (2.1)

Throughout the paper, we assume that functions g and v are uniformly bounded, and

twice continuously differentiable in (a, b) with uniformly bounded derivatives. *

Our model allows for the possibility that some types or their groups keep their

population share fixed throughout the game, whereas the shares of other types (or

4The dependence of the payoffs and transition rates on the average distribution in the population
can be interpreted as an outcome of random matching. The model is not restricted to uniform
random matching as some other types of matching probabilities can be captured by appropriate
adjustments in functions g and . For example, if types 6 match with each other twice more often
than with other types, this can be modeled by multiplying function g (., 9, .,0)by factor 2.

Additionally, the model and the result can be generalized to non-linear dependence of the payoffs
and transitions on the average distribution e. We avoid the generalization in this version of the

paper to eliminate additional notation and definitions.
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shares within the group) evolve depending on the strategies of the players. In the
example from Section 3, there are two classes of players 1 and 2 with the population
share fixed at % Within each class, there are subtypes # = —1, 1 with evolving shares.
This leads to four-element set of types © = {(1,—-1),(1,1),(2,—-1),(2,1)}.

It will be useful to explicitly model the restrictions on the attainable type dis-
tributions. Let A® C AO be the subset of attainable probability distributions.
Let ®(©) C R® be the linear subspace spanned by the vector transition rates
v (a,0,b,¢) € R® for all actions a,b and types 6,¢. Then, for each v,v' € AO,
v—1v" € ®(0), and ¢ (O) is the set of all possible directions of the evolution of the
type distribution. In the first reading, the reader may assume that A© consists of
all probability distributions and ® (©) is equal to the set of all vectors v € R® with
coordinates that add up to 0.

2.2. Strategies. An agent plans her behavior by choosing a long-run strategy. Be-
cause the influence of each individual on the rest of the population is negligent, we
assume that a strategy depend only on time and the agent’s own type.” Let A = A®
be the space of generalized actions, i.e., mappings o : © — A that assign proper
actions to states. A strategy is a continuous mapping o : Ry, — A with the inter-
pretation that o, () is an action taken by the agent if her private type is 6. For
each strategy o, each t > 0, let ¢® be the t-period continuation strategy defined
Ugt) = 0,4, The space of strategies is denoted with A.

A heterogeneous population is divided into cohorts ¢ € C'. We assume that (C,C, u)
is a non-atomic measure space of cohorts. A strategy profile is a measurable mapping
weD (.71) with the interpretation that w,, is the ¢t-period (generalized) action played

by the members of cohort c. For each t > 0, let w® be the continuation strategy

5Alternatively, the strategies may depend not only on time, but also on the actions and the types
of the other agents. However, if we restrict the attention to the pure strategies, then all the best
responses can be implemented with strategies that depend only on time (even if the strategies of
the other agents are more complicated). That’s not necessarily true when the agents use mixed
strategies, but it will be true even with mixed strategies if we assume that the strategies do not

depend on the actions or types of any countable set of agents.
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profile after t. For each strategy profile w, let w” € A be the average strategy defined
as wf = [wadu(c).

Let vy € D (A©) be the profile of type distribution among the members of the
cohorts in period 0. A strategy profile w and the profile of type distributions vy
determine the evolution of the type distributions v (w, vg) € D (E) as a solution to

the following equation: vy (w, vy) = v, and for each ¢, each ¢,

d
2 Vet (05w, vg) (2.2)

:/ (%: Doy (0 we (0),0,ws (9) , ) ver (05w, v0) vt (¢;U),U0)) f(s)ds

046"

b 0A0

—/ (Z >y (O we (0'),6,wse (@), ¢) ver (00, v0) vt (cb;w,vo)) f(s)ds.

In other words, the increase of the mass of type 6 in cohort ¢ is equal to the difference
between the inflow and the outflow from the other types. Using vector notation (2.1),

(2.2) can be written as

ivct(w,vo): > v (wee (0),0,we (@), 0) ver (05w, 00) Vst (d5w,v0) ds. (2.3)

dt
c
One shows that the profile of type distribution paths v (w,vg) is uniquely defined
given w and vy. Moreover, the Markov property holds: for each s >t > 0,

Vt4s (’LU, UO) = (w(t)7 Ut (w7 UO)) .

2.3. Best responses and equilibrium. Given a profile of strategies w and initial
profile of type distributions vy, the period t expected payoff of a player with type 6

and strategy o is equal to

Gy (0,0, w,v9) (2.4)
o0

:/ /Z Ve, t+s (¢7 w, UO) exXp (_Tt) E@ﬁi@,a,w,vog (Ut+s (0t+s) 76t+57 wc,t—‘rs (¢) 7¢) dS,
o \& ¢

where the expectation is taken with respect to the distribution over future types

induced by strategy o, profiles of of strategies w and initial profile of type distributions
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Vg, and given that initial state is equal to 0. A strategy o is a period t best response

given w, vy if for each state 6,

Gy (0,0,w,v) =sup Gy (0, 0", w,v) =V, (0, w,vg),

a-/

where V; (0, w, v) is the t-period value function of agent in state 6. A strategy is a best
response if it is a best response for each period t. Let V; (w,v) € R® be the vector of
values for each type . By standard arguments (that rely on the Bellman’s Principle
of Optimality), there exists a continuous best response strategy that does not depend
on the initial state §. Moreover, the best responses must satisfy the Bellman equation

(the standard proof is omitted):

Lemma 1. If o is a best response strateqy given the profiles of strategies w and initial

distributions vy, then, for each t and type 0,

0y (0) € argmax

%6 (9(a,0,wer (8)6) + (Vi (w,0)" 7 (0,0, wer (), 6)) ver (6) dpa c)
(2.5)

An equilibrium is a profile of strategies w* and initial type distributions v such that
the strategy of each cohort c is the best response given w* and vj. An equilibrium
(w*,vy) is stationary if there exists a generalized action a*and a type distribution
v* such that w¥ = o* and vy (w,v]) = v*for each cohort ¢ and period ¢. Thus, in
a stationary profile, all agents of the same type choose the same action and a type
distribution in the population remains constant through the time. Let o} = o* be

the stationary strategy.
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From now on, we assume the best responses are uniquely defined.® Let b (w,vy) be

the unique best response given w, vy. The Markov property implies that
b(t) (w7 UO) =b (w(t)7 Ut (wa UO)) :

2.4. Evolution of type distribution. In a stationary equilibrium, the type distri-
bution in each cohort is equal to v*. We are interested in the stability of the type
distribution with respect to small initial perturbations given that the players follow
the equilibrium strategies. We say that type distribution is stable at the stationary
equilibrium if there exists € > 0 such that for each initial perturbation of the type
distribution vy € D (@), if [[vg — v*|| <€, then

Jim s (0", ) = v*| = 0.

The type distribution is unstable if there exists € > 0, such that for each 6 > 0, there
exists vg € D (E) and t such that ||v; (6%, v9) — v*|| > €.
We view the stability of the type distribution as a necessary condition for the

robustness of the stationary equilibrium.

2.5. Revision dynamics. The main result of the paper characterizes the stability
of a stationary equilibrium with respect to two types of revision dynamics. The
dynamics start with a period 0 perturbation of strategies and type distributions.
The initial perturbation modifies the long-run strategies of some, possibly all agents
as well as the initial type distribution. We assume the perturbation is close to the
stationary equilibrium strategy ¢* and the type distribution v*. Each agent is aware
of her new perturbed strategy as it represents her plan to act in all future periods.
In the same time, the perturbed strategy does not have to be a best response against
the strategies of the other players. In particular, the initial perturbation does not

have to constitute an equilibrium.

SMore precisely, the analysis of this paper holds if the best responses are unique in some neigh-
borhood of the stationary equilibrium (w*,v$). Lemma 12 in the Appendix describes the conditions
on the fundamenals that guarantee the local uniqueness of the best responses. Essentially, there are
two conditions: (a) the hypotheses of Theorem 1 holds (which is sufficient and almost necessary for
the type distribution to be stable), and (b) semi-negative definite matrix M?% , (defined in Section

4) is negative definite.
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In each period ¢ > 0, agents may receive an opportunity to revise her strategy.
The opportunities arrive independently at constant Poisson rate A > 0 (that, in
particular, does not depend on actions and types of the players). Given a revision
opportunity in period ¢, an agent chooses a best response strategy given the current
type distribution and one of two assumptions about the future behavior of the agents.
The best response becomes the new strategy of the revising agent.

We present a formal definition of the revision dynamics. We begin with the space
of cohorts. To allow for initial heterogeneity, we assume that in period 0 the agents
are divided into cohorts ¢y € Cp, where (Cy,Co, j1o) is a measure space. The initial
cohorts are further divided into the groups of agents with the same history of revision
opportunities. Let C' = {(co,t1,t2,...) : co € Cp, and 0 < t; <ty < ...} be the space
of cohorts, where ¢y determines the initial strategy and ¢; is the period of ¢th revision
opportunity. The measure p* on C (with the Borel o-algebra) is defined in the
following way: ¢ are distributed according to pg, and for each ¢ > 1, the conditional
probability density of the waiting time t; — ¢;_; for the ¢th revision opportunity given
o, ti..., i1 is equal to e Mi~ti-1) where we take ¢y = 0.

For each cohort ¢ = (¢, t1, ...), each t > 0, let d' (¢) = max (¢; : t; < t) be the most
recent revision period for cohort c¢. Let C' be the smallest o-algebra on C' such that
all functions d® for s < t are measurable. Let u** be the restriction of ;i to o-algebra
Ct.

In each period 7, the state of the dynamics is given by a profile of continuation
strategies w™ € D ((C’, C™,um) ,X) and a profile of 7-period intra-cohorts type distri-
butions v™ € D ((C’, C,u) ,j). We interpret wZ, (f) is an action that the members
of cohort ¢ plan in period 7 to be played in period 7 + s. The initial perturbation is
given by w® and 1°.

The type-distributions evolve according to the following equation:

ol = [ 3y (w (0),0,wo (), ) o7 (8) v () d™ (x)- (2.6)
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Finally, for each 7, the strategy w] of cohort c is equal to the continuation of the

best response strategy chosen in period d” (c¢):

Wy = YO (P 17 @)

Here, wP is a profile of strategies that represents the period ¢ prediction about the

future behavior of the population.

Best response dynamic. We consider two versions of the revision dynamic that differ
with respect to the assumptions that players make about future behavior. In the best
response dynamic, each agent observes the current state of the population, including

the (long-run) strategies and the type distributions of the players, i.e

To fix attention, we simply assume that the players strategies are chosen in a publicly
visible way. (Because there is continuum of agents, there are no strategic reasons
not to disclose their strategies truthfully.) This assumption might not be particularly
realistic in many situations. We treat it as a useful benchmark to compare the best
response dynamic with the learning dynamic.

The players in the dynamic are myopic in the sense that they do not anticipate
the future evolution of the dynamics when they revise their strategies. However,
they rationally anticipate the future actions and the type-evolution of the rest of the
players under the (incorrect) assumption that their strategies are not going to be

revised.

Learning dynamic. In the learning dynamic, an agent observes correctly the current
distribution of types. She does not observe the strategies that the other players intend
to play in the future. Instead, she observes the past actions of the other agents, she
tries to detect patterns. The forecaster can only detect patterns that reoccur with a
certain frequency. Specifically, let 2 C R, be the set of detectable frequencies. We

assume that 0 € 2. For each 7 and cohort ¢, choose coefficients af 4, (w) and a .., (w)

C, sin

for each w € 2 so to minimize

T 2
/( — Y al g, (w)sin (2nws) — Y al ., (w) cos (27Tw5)> ds. (2.7)

0 we wef
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In other words, the agents regress past actions on the space of functions spanned by
repeatable patterns with frequencies in set 2. The forecast is defined as the sum of

extrapolated patterns observed in the past actions

Z ac ,sin SIH 27Tw (S +t + Z ac cos UJ) COSs (27’(0) (S + t)) .
we weN

When Q = {0}, then wl)™ is equal to the average action played by the members
of cohort ¢ before period. In such a case, the learning dynamics are equivalent to
the fictitious play. In general, different sets of detectable frequencies €2 correspond

various levels of forecasting sophistication.

Stability. We say that the stationary equilibrium (o*,v*) is stable with respect to the
A-best response dynamics (or, A-stable) , if there exists € > 0, such that for any best

response path (w7, v7) such that ||wy — o*|] < e and [|jvg — v*|| <,
lim ||w™ —o*|| = lim [[v” —v*|| = 0.
T—00 T—00

We say that the the stationary equilibrium is wunstable with respect to the A-best
response dynamics (or, A\-unstable) if there exists > 0 such that for each € > 0, there
exists an initial perturbation (wy, vg) such that ||wy — o*|| < € and ||vg — v*|| < € and

7 so that for the induced best response path (w”,v7),

either ||w™ —o*|| >nor |[v7 —v*|| > n.
Similarly, we define the stability and instability with respect to the (£2, A)-learning
dynamics.

3. EXAMPLE

In this section, we use an example to illustrate the methodology and the main ideas

of this paper.

3.1. Example. We describe a dynamic version of matching pennies games. There are
two classes of players, 1 and 2, both with equal and constant shares in the population.
Each player has one of two types, k € {—1,1}. The time is continuous. The players

discount future payoffs at instantaneous discount rate r > 0.
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In each period ¢, each player chooses an action from set A = [—1,1]. After the
actions are chosen, players 1 and 2 are randomly and uniformly matched in pairs. If
player j type k; € {1,—1} with action a; meets player —j type ky and with action

as, their payoffs are equal to

—a? + kyay for player 1, and

—ag — koaq for player 2.

The class of the player does not change. At each period, the type may change with
the Poisson arrival rate equal to 1 — vk;a;, where j is a class of the player and v > 0
is a parameter.

In other words, player 1 is rewarded if his type matches the action of player 2 and
player 2 is rewarded if her type mismatches the action of player 1. Moreover, each
player can increase the chance of being type 1 by choosing higher a. The manipulation
is costly, and absent any dynamic considerations, the player would prefer to choose
the natural transition rate a = 0.

The model has a unique stationary equilibrium o* () = 0 for each type with

1

stationary distribution is v () = 5 stationary payoff 0 for all players and all types.

This is also the unique efficient outcome among all stationary strategies.

3.2. Stability. It is easy to show that the stationary equilibrium is stable with re-
spect to initial perturbations in which the actions are constant over time. The logic is
similar to the standard argument in the matching pennies game. First, observe that
all players class i« = 1,2 have the same strict incentives regardless of their type k;.
Moreover, the players ¢ incentives depend only on the future average actions used by
players —i. Suppose that after the initial perturbation, the average action of players
2 is positive. Players 1 best respond with positive actions. The new best response
behavior of players 1 leads to more positive types of player 1. In turn, this creates
incentives for player 2 to choose negative actions, which leads to winding down of the
initial perturbation.

A key observation in the above argument is that best responses have opposite form
to the original strategies. It turns out that, for certain values of parameters, the best

responses to some non-stationary strategies are similar to these strategies. In such a
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e Strategies of players 1

Best responses of player 1

Y
N

/

Time Strategies of player 2

Best responses of player 2

FIGURE 3.1. Initial strategies and the best responses. (The values of

parameters are r = 1,y = 20, and w = 2.)

case, the best response reinforces the initial perturbation. In result, the best response
dynamic may diverge.

We describe an example of such strategies. Let the strategies of players 1 and 2 be
equal to, respectively, acos (2rwt) and asin (27wt) for some small amplitude a > 0
and frequency parameter w. Figure 3.1 plots the strategies as functions of time.

Consider the best response of players 1 in period ¢t = 0. These players expect the
strategy of players 2 to oscillate between the positive and negative actions with the
period of oscillation equal to ﬁ Due to the discounting, they put more weight on the
earlier fluctuations. Because the earliest fluctuation makes player 2 choose positive
actions, it increases the value of positive type for players 1, which, in turn, creates
incentives to choose a strictly positive action. If the cost of the manipulation of the
transition rate v is small enough, the best response positive action may be higher
than the action a cos (0) prescribed by the initial strategy.

When t increases, players 1 anticipated payoff from positive type eventually starts

decreasing. In fact, if the discount factor is not too high, players 1 become roughly
11

4w]?
current strategies are small. As a result, their best response action is also close to

indifferent between their types when ¢ ~ or when the actions prescribed by the
0. For higher ¢, players 1 anticipate a larger share of negative actions of players 2
in the near future. This increases the value of negative type, which reduces the best

response action of player 2. The rest of the best response strategy closely follows the
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initial strategy of player 1. (As one can notice on 3.1, the phase of the best response
is shifted relative to the initial strategy. The shift is due to the discounting and it
will disappear when r — 0.)

A similar argument shows that the best responses of player 2 closely resemble the
strategies of player 2. Because the strategies of all players have the same period %,
the best responses are periodic with the same period length.

the cost of non-zero action is relatively low, and its impact on the transition prob-
abilities high. Any small differences between the expected payoffs from negative and
positive types lead to high differences in the best response action. In particular, the
amplitude of the best response oscillations can be much higher than the amplitude
of the initial strategies. Because the best response strategies resemble the original
strategies, one may expect that the best response dynamics lead to ever increasing

amplitude of the oscillations, which leads to the divergence of the dynamics.

3.3. Approximate best response dynamics. In order to introduce the main ideas
of the paper, we are going to discuss the stability of the best response dynamics
more carefully. The idea is to derive a linearized approximation to the best response
dynamics, describe the stability of the approximate dynamics, and show that the
same conditions hold for the original best response dynamics.

As a first step, we derive an approximation to the best response function. Let w
be a strategy profile and let v° be the initial type distribution. Bellman equations

imply that the best response strategy b (o, vy) must satisfy first-order conditions:
th (]7 ka g, UO) = (Vt (]7 17 w,v0> - Vt (]7 _L U),UO>) ) (31)

where V; (4, k;.) is a period t continuation value of players class j and type 1. The
above equation has a natural interpretation (compare also with a more general formula
(6.3) below). The marginal cost of increasing action b; is equal to 2b;. The marginal
benefit is proportional to the difference between the continuation values of types 1
and —1 multiplied by the rate at which an increase in the action affects the rate of
transitions from type —1 to 1.

Next, we compute an approximation to the continuation value function. Because an

envelope theorem applies in our setting, we can approximate the continuation value
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of an agent assuming that she uses an equilibrium strategy o* (6) = 0 instead of her
best response. Thus, the continuation values for players class 1 are approximately
equal to

o

v, (1,k;w,vo) ~ /er(ut) (kpik + (—k) ( )) (Za w¥ > du, (3.2)

with an analogous equation for players class 2. Here, pi¥ is the probability that player
7 who plays the stationary strategy is going to have type k in period w if in period
tu her type is k, a?! is a period u fraction of players with class j and type k, and
wE (5,1) = [wiy (7,1) du () is the average action played by agents class j and type I
in period u. In the neighborhood of stationary equilibrium, pi* ~ 1 + 1e=2(=t) and
ad* ~ L. Substituting to (3.2) and then to (3.1), we obtain

o0

b, <1,k;w,v0) ~ fy/ —(r2)(u=) ( Zw > (3.3)

t

with an analogous equation for players 2:

by (2,k;w,v0> ~ 7/ —(r+2)( ( Zw )
t

(see a general formula (6.4) below). In other words, the best response action of players
class j is equal to the discounted and scaled average of the future actions of players
class 2. In particular, note that the approximate best response depends only on the
average actions of the other players and not on the details of the profile. Moreover, the
approximate best response in period t does not depend on the initial type distribution
vY and the actions of the other players played before t. (As we explain below, the first
feature holds generally. The latter issue is specific to our example.) To shorten the
subsequent notation, we write b (w) for the (approximate) best response to strategy
profile w, and for future reference, notice that we can rewrite the approximation (3.3)
together with an analogous equation for players 2 as

by (w) ~ fy/e(rﬁ)(“t)Awudu,

t
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where we treat generalized actions b, (w) and w, as vectors, and A is a matrix equal

to

O O NI N
O O NIE N

We can describe an approximation to the best response dynamics. Indeed, suppose
that the average strategy in period 7 is equal to w™¥. In particular, the agents plan
to play action wtf’_b; in period ¢ > 7. Between periods 7 and 7+d7, approximately \dr
of randomly drawn agents receive a revision opportunity. These agents replace their
current strategies by b (wT’E) (we drop the dependence on the initial distribution as
it is not important in our example). Because the agents are chosen at random, the

heuristic evolution of the average actions that players intend to play in period t 4+ 7

is given by
dw]"; ~ (b mE mE 34
i (th(w )_wt—’r) (3.4)
~ M|y / e~ D) 4oy mE gy, — wp | for each ¢ > 7.
t—1

Because the best responses depend only one the average strategies , the approximate
dynamics are well-defined by the above equation. Moreover, due to the approxi-
mation (3.3), the right-hand side of the evolution equation is linear in the average

strategies.where we treat w;" as a vertical vector, and matrix A is defined as follows

3.4. Necessary conditions for stability. Next, we are going to present a necessary
conditions for the stability of the dynamics (3.4). The idea is to consider sine-wave
strategies. It is convenient to describe the sine-way strategies using complex numbers.

Specifically, let a = (a (j,k)) be a vector of complex numbers, and let

oy (j, k) =Re (a;x) cos (2rwt) 4+ Im (a; ) sin (27wt) ., (3.5)
=Re (a (4, k) e’ﬂ’mj
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where i = /—1 is the imaginary unit, a;; ~ 0 is a (complex or real) amplitude
coefficient, w is a real frequency parameter that is common to all players, and the
equality follows from the Euler’s formula’ .

The approximate best response of class 1 players functions given o are equal to

o0

by (1, k;o®, UU> Ry / e(r+2)(ut); zl: Re (a27lefi27rwu) du

t

[e.9]

1 , '
= Re y (2 Z a2,l> /e—(T+2+2ﬂ'zw)udu 6_2mwt
l

0

1 1 ,
=R - —2miwt
e<ﬁyr+2+2m'w <2;a2’l>6 )’

with an analogous equation for class 2 players. In particular, the best response

function is a sine-wave strategy
b (O_a, U0> _ O_(K(w)—i-f)[a]’
where linear operator K (w) is equal to

K(w) =—I+~y (3.6)

T+ 2+ 2miw
Because of the linearity of the dynamics (3.4), if the initial strategy has sine-
wave form (3.5), then the entire subsequent dynamics will have the sine-wave form.

Moreover, the dynamics have an explicit solution

th’E _ Ue”K(“) [a] _ (e,\TK(w) [QOD edm‘wt7 (3.7)

AME(@) is an operator exponential of linear operator A\7K (w) (see Appendix

where e
A.3 for details). The long-run convergence properties of the solution (3.7) are well-
understood. Specifically, we compute the eigenvalues of operator K (w):

2w+ (24 1) 0

@+rf+w2>_

@b:iv(

If there exists a frequency w such that K (w) has an eigenvalue with a strictly positive

real part, then there exists a corresponding eigenvector a” such that (a) (3.7) diverges

"Recall that the Euler’s formula states that for each real z, ¢ = cosz + isin z.
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away from 0, and (b) the initial perturbation o leads to a divergent dynamic. This
gives us a necessary condition for stability.

It turns out that if the real parts of all eigenvalues are strictly negative, then the
dynamic is stable regardless of the form of the initial perturbation. The argument is

somehow more complicated and we postpone it to Section 6.1.

4. CONSTANTS

In this section, we define all the constants that we use in the characterization of
the stability of stationary equilibria. From now on, we fix the stationary equilibrium
(a*,v*) of the dynamic game. The subsequent definitions and notations are divided
into four parts. The first part is devoted to a general terminology on linear operators.
The next three parts deal with the constants that are associated with the transition

rates, the payoffs, and the local characterization of the best response function.

4.1. Linear operators. For any two finitely dimensional vector spaces F and E’,
let L (E, E') denote the space of linear operators A : E — E’ with the operator norm
|A|| = maxe.e|<1 || Ael|. For example, L (E, R) is the dual space of E. We write L (E)
instead of L (E, E). For all operators A, L(E,E') and B € L(E',E"), we write
BoAe L(E,E") to denote the composition of A and B.

It will be convenient to extend the definitions of linear operators to vectors spaces
over complex numbers. For each vector space E, let E¢ = E @ iE denote the
complezification of E.5 Let L¢ (EC, E’C) be the space of (complex) linear operators
between complex vector spaces E€ and E'C. The standard linear operators between
vector spaces E and E' uniquely extend to (complex) linear operators between E¢
and E'C ie., L(E,E') C L(EC E°).

For any finitely dimensional space E, we say that operator A € L (FE) is stable if
each eigenvalue A of operator A has strictly negative real part, ® (A) < 0. Operator
A is unstable, if it has an eigenvalue A with a strictly positive real part, R (\) > 0.

8In other words, E ®iE = {(ey,e3) : e; € E} is a vector space with the standard vector addition
and multiplication by complex scalar given by (a + ib) - (e1,e2) = (ae; — bea, aeg + bey).
YFor any A € L (E, E'), we define ((a +ib) A) [(e1, e2)] = (aAe; — bAes, aAey + bAey).
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Family of operators B C L (F) is uniformly stable if there exists v > 0 such that for
each A € B, each eigenvalue A of B, ®(\) < —.

We assume that |©|-dimensional space R® and its subspaces A® and ® (©) are
equipped with the “sup” norm. It is convenient to interpret vectors V € R® as the
elements of the dual spaces L (® (©), R) and L (A©, R) in the natural way: for each
vEP(O), letvv] =v-w0.

4.2. Transitions. Let 7,,,, < oo be an upper bound on the absolute values of func-
tion v as well its first, and second-order derivatives.

Let Ya0.6, Vo:0.0 € L (A, @ (O)) be the derivatives of function 7: A x © x A x © —
¢ (©) with respect to, respectively, a and b (once) evaluated at (a* (0),60,a* (), d).

Define linear operators:
e[ cL(P(O),P(0)): for each v € (O), let
D[] = Xy (@ (0),0,0° (6),6) v ()" (6).
0,6

Operator I'* measures the effect of the perturbation in player’s own distri-
bution of types on transition rates. The domain of I'* can be extended
to AO. The stationarity of distribution v* implies that I'* [v*] = 0, and
I [A6] C @ (0),

eIy e L(P(O),P(0)): for each v € ¥ (O), let

Ig o] = ;7 (" (0),6,0" (), ¢)v* (0) v ().
@

Operator I'y measures the effect of the perturbation in population on the
transition rates at the stationary distribution,

e [g=T1"+T§ € L(®(0),P(0)). Operator I' g measures the combined
effect of the same perturbation in player’s own distribution and in the general
population,

o[ e L(AL(P(O),P(0))): for each generalized action «, each v € ¢ (0),

(T la]) [v] = >~ (Yap.s [ (@)]) v () v™ ()
0,¢
Operator [ measures the first-order effect of the perturbation in one’s own

actions on the evolution of type distribution,
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o', L(AL(®(O),P(0))): for each generalized action «, each v € ¢ (0),

(I [ad) [v] = 3~ (oo [ (O)]) v () v™ (9) -

07¢

Operator ['; measures the effect of the perturbation in the population’s ac-
tions on the dynamics of the type distribution.

o I% .5 =15 +1% € LA L(®(O),9(0))). Operatorly, 5 combines two
first-order effects of the perturbation in actions on the evolution of type dis-
tributions,

o I e L(A,®(0)): for each generalized action a,
Tl =2 (e [ (@)]) v* (6) 0" (¢) -
0,9

Operator [ measures the first-order effect of the perturbation in one’s own
actions on the evolution of type distribution,
o e L(A ®(0)): for each generalized action «,

Thla] =3 (Va.s [ (@)]) v™ (0) v™ (9).

0,9

Operator %} measures the first-order effect of the perturbation in one’s own

actions on the evolution of type distribution,
oI el (L (®(©),R),(L(A, R))e): for each vector V € R®, each type 0,

(T41V1) 9) a] = 3= (V 0 v [a]) v (6).

¢

Operator f‘j:l measures the impact of the change in the actions on the con-
tinuation payoffs V. It plays a role in the characterization of the first order

conditions.
4.3. Payoffs. Let
g =1>_g(*(0),0,a*(¢),0)v" ()
]

be the vector of instantaneous payoffs in the stationary equilibrium.
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Let V* € R® be the value function in the stationary equilibrium. Using the fact
that » > 0, we can compute
V=V (o"v") = /exp (—rt) [g" o exp (I*t)] dt = ¢* o (r] —T*)™".

0

Given our interpretation, we treat ¢g* and V* as the elements of the dual spaces
L(®(0),R) and L (AO, R).

4.4. Best responses. Define function M : A x © x A x © — R®: so that for all
actions a, b and types 0, ¢,

M (a,0,b,¢) = g(a,0,b,¢) +V*[y(a,0,b,¢)]. (4.1)

Function M combines two payoff effects of actions: the first term is the direct effect on
instantaneous payoffs g, and the second term captures the effect on the type evolution,
which in turn affects the future continuation payoffs. Function M is closely related
to the terms of the Bellman equation (2.5) and it plays an important role in the local
characterization of the best response function.

Let My 5 Mg € L (A, R®) and Mg, Mg, € L(A, L (A, R)) be the deriva-
tives of function M with respect to, respectively, a (once), b (once), a (twice), and a

and b (once each) evaluated at (a* (0),0,a* (¢),¢). Define linear operators:

o M} e L(A L(®(O),R)) so that for each € A, each v € ®(0), we have
(M5 [5]) (v) = 29: Mg 416 (9)] v (0) v™ (¢),
¢,

Operator M} describes the effect of the average change in the population
actions on the equilibrium value of function M,
o MielL (<I> (©),L (CID (0), R@>): for each v,v € ®(0), each type 0, we have

(Mg [V]) [v] (0) = D>_ M (" (0) 0,07 (¢) ,¢) v (0) v (¢).-
¢

Operator M§ describes the effect of the average change in the population type
distribution on M,
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o Mip€L (A, (L (A, R))9>: for each 8 € A, for each type 6, let
Mg [8](0) = 3 (Mo, [8 0)]) v* (9).
¢

(Notice that that the derivative M, with respect to a can be treated as an
element of the vector space A, and that M, 4 can be understood as a linear
operator on A.) Operator M7z captures the effect of the change in the average
action in the environment § on the equilibrium first-order conditions,

o Mipg€L (@ (0), (L (A, R))e): for each v € ® (0), for each type 6, let
Mg [v Z 0 ¢>U

Operator Mg captures the effect of the change in the average type on the
equilibrium first-order conditions,
o Mi,eL (A, (L (A, R))G): for each o € A, for each type 0, let

(M4 o) (0) = %: (M0 [ (0)]) v* (9) -

We show below that the stationary equilibrium conditions imply that operator
M3 4 is negatively semi-definite. If M7, is negative definite, it has an inverse

Myh € L((L(AR),A).

5. STABILITY OF TYPE DISTRIBUTION

Our first result characterizes the stability of the type distribution dynamics with
respect to initial perturbation of the type distribution away from the stationary dis-

tribution v*.

Theorem 1. Suppose that linear operator I'* is stable. If operator I g is stable,
then the type distribution is stable at the stationary equilibrium. If operator 17 o is

unstable, then the type distribution is unstable.

The Theorem assumes that the eigenvalues of I'* have strictly negative real parts
(notice that the real parts of the eigenvalues of I'* are always non-positive because I'*
is a stochastic matrix). If operator I' o is stable, then all (sufficiently small) initial

perturbations in the type distributions disappear in the long-run. If the operator I o
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is unstable, then we can find an arbitrarily small initial perturbation vy that leads to
the diverging dynamics.

We sketch an argument behind Theorem 1. Take any vy € ®(0) and let vy, =
v* + vy for each cohort c. Because all cohorts behave in the same way, we may assume
that there is only one representative cohort. The type distribution evolves according

to the following differential equation
d
S =371 (0" (6).,6,0° (6) ) e (8) i (6) for each £ >0, (5.1)
67¢

with initial conditions vg = v* + vyg.
Equation (5.1) typically does not have a closed-form solution and we consider a

linearized approximation. Notice that for each ¢ > 0,
=707 0,0.0°(0),0) 0 (0)u 0
=S (@ 0).0.0°(6). ) (O O
#27" (0,0, (6),0) (4" (6) (0 (9) =" (00) (0 (6) =" ()" 0)
30507 (0),0,0° (6).,0) (0 0) = v (0)) (" (6) = v" (6))
S (@ (0),0,0° (6),0) (07 (6) 14 0) + 4 (6) " (0)) = T o],

97¢
where the approximate equality comes from the fact that the first term disappears

because v* is a stationary distribution, and the last term is of second-order magnitude.

The linearized equation has a closed-form solution
vy R Vg + exp (tfj‘r@) (v —v"),

where exp (.) is the matrix exponential function (see Appendix A.3for details).

By the properties of the matrix exponential, if operator I'} g is stable, then
lign Hexp (tF+9) UOH =0

for any initial vy = vy — v*. If it is unstable, then there exists an eigenvector vy of

I g such that lim, Hexp (tFi@) UQH = oo. In particular, the solution to the linearized
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equation diverges. Appendix E shows that the instability of the solution extends to

the original equation (5.1 ).

6. STABILITY OF STATIONARY EQUILIBRIA WITH RESPECT TO BEST RESPONSE
DYNAMIC

In this section, we describe the sufficient and (almost) necessary conditions for the
stability of stationary equilibria with respect to the best response dynamics.
Suppose that operator matrix M7 , is negative semi-definite and operators I'* and

I'% o are stable. Then, for each w € R, (complex) linear operators
M2A7 27”'(,0]@(9) — Fj_@, (’f‘ + 271’2&)) I@(@) — F*

have well-defined inverses. Define a family of (complex) operators K (w) € L¢ (.AC, AC>:
for each o € A,

(K @) fal (6.1)
=—1Ia— MzjoMigla]
~ Mi}o Mie o (2mivlae) ~Tte)  © (s o)

~ -1
— Mz} ol o (M [al) o ((r+2miw) Loy — ™)

— M7t o (Mg (2miwloge) — o) o (Thip [a])D o ((r +2miw) In(e) — I'*)

Theorem 2. Suppose that operator M3} , is negative definite and operators I'* and
I g are stable. If family K (w) is uniformly stable, then there exists \* > 0 such that
for each A < \*, the stationary equilibrium is \-stable. If there exists w such that
K (w) is unstable, then the stationary equilibrium is A-unstable for any A.

If family {K (w) : w € Q} is uniformly stable, then there exists \* > 0 such that for
each A < X*, the stationary equilibrium is (S0, \)-stable. If there exists w € § such
that K (w) is unstable, then the stationary equilibrium is (Q, X)-unstable for any A.

The Theorem provides a sufficient and almost necessary condition of the stability of
stationary equilibrium. In order to verify the conditions, one needs to find eigenvalues

of a one-dimensional family of linear operators K (w).

-1
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The Theorem requires three assumptions. The two first assumptions are not re-
strictive. First, a local characterization of stationary equilibrium (see Lemma 1 and
step 2 of the proof of Lemma 12 in the Appendix) implies that operator M7, is al-
ways negative semi-definite. The Theorem makes a slightly stronger assumption that
operator M} 4 is negative definite. Second, noticel™ that always has eigenvalues with
non-positive real part because it is a stochastic operator. The Theorem assumes that
the eigenvalues of I'* have strictly negative real parts. Finally, the only restrictive
assumption is that that I o is stable. However, as we have already demonstrated,
together with the stability of I'*, this assumption is sufficient and almost necessary
for the stability of the evolution of the type distribution (Theorem 1). Together, the
assumptions of the Theorem ensure that the best response strategy is uniquely de-
fined for profiles of strategies and initial distributions that are in some neighborhood
of the stationary equilibrium values.

It is instructive to compare Theorem 2 with an analogous result in the case of
static games. Recall that a static game equilibrium is stable if all eigenvalues of the
Jacobian of the best response function computed at the equilibrium have real parts
that are strictly smaller than 1. In the case of dynamic games, the space of strategies
is infinitely dimensional and it would not be possible (or helpful) to state the result in
terms of a “derivative” of the best response function. However, each linear operator
K (w)+ 14 can be interpreted as the Jacobian of the best response function restricted
to a finitely dimensional class of wave-like strategies with frequency w. Specifically,
consider a class of strategies o (w, o) indexed by a (real) frequency parameter w € R

and a (complex) amplitude vector a € A"

o (0w, ) =0; + Re (a (0) e_i%“t) . (6.2)
=0} + Re (a (0)) cos (—2mwt) — Im (« (#)) sin (—27wt) .

The second equality comes from the Euler’s formula (see footnote 7). If w = 0, then
o (w, @) is a constant strategy; otherwise, it is periodic with period length % The am-
plitude vector contains information about the generalized actions played throughout
the wave-like strategy and also about the phase of the strategy. Its norm, ||«/||, mea-

sures the deviation of strategy o (w, o) away from the stationary strategy o*. Below
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(see equation (6.3)), we argue that if a population of players uses strategy o (w, @)
with sufficiently small vector a;, then the best response strategy belongs to wave-like

class with frequency w: for high ¢,
by (0,v0) = 0 (w, (K (w) + 14) )

(We explain below that for high ¢, the best response does not depend on the initial
distribution vg. ) Thus, linear operator K (w) + I4 contains an information about
the link between an amplitude vector of a wave-like strategy, and the amplitude of
the best response.

A consequence of the proof of the Theorem is that to test the stability it is not
necessary to consider all possible initial perturbations, and it is enough to restrict the
analysis to a class wave-like perturbations of form (6.2).

The proof of the Theorem is based on ideas similar to those that are developed in

Sections 3.3-77. We sketch key steps below and leave the details for the Appendix.

6.1. Sketch of the proof of Theorem 2: sufficient conditions. We explain the
argument behind the first part of the Theorem. The idea is to derive a stability test for
a simplified version of the best response dynamics and then show that the same test
applies to the original dynamics. . We proceed through a series of approximations.

The first step is to find a linear approximation to the best response function.

Approzimation of the best response function. Take a profile of strategies w and a
profile of initial type distributions v°. We are going to show that we can approximate
b (w,v) in the neighborhood of the stationary equilibrium with a linear function of
w and vY. As an intermediary step, we use Lemma 1 and notation from Section 4 to
show that

b0 (w,vy) — of =~ — Mo Mg [th - a*} (6.3)
— M3} o Mjg [vf (w,v0) — o]

— Mk o Ty [V (w,v0) = V]
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(For details, see step 2 of the proof of Lemma 12 in Appendix D.) In particular, the
t-period best responses depend on the average actions played in the population, the
average type distributions, and the value functions in period ¢.

It is instructive to notice that the terms of the approximation (6.3) with the terms
of linear operator K (w).

As a next step, we derive linear approximations to the evolution of the type dis-
tribution v% (w,vy) and the value function V; (w,vg). The former depends on the
actions played before period ¢ and the initial distribution v° for details, see Lemma
9 in Appendix C). The latter depends on the actions played after period ¢, and the
type distributions in periods s > ¢, which in turn depend on the actions played before
period s and the initial distribution vy (see step 4 of Lemma 12 in Appendix D).
As we do not have closed-form formulas for the two approximations, we delay their
formal statement to the Appendix. Using the approximations together with (6.3), we
show that that there exists a (real) operator valued function x : R — L (A, .A) such
that for all profiles w of strategies and v° of initial type distributions, for high ¢,

[e.e]

b (w,vg) — 0} ~ — (M;}‘ o MZB) {wf - Oz*} + / K (u) [th_u — 0’1 du. (6.4)

— 00

(To simplify the notation, we assume that w? = o* for each u < 0.) In particular,

the best response is approximately equal to the weighted average of the present, past

and future average actions in the population. Notice that the right-hand side of (6.4)

does not depend on the initial distribution vy. This is because of the ergodicity of

the evolution of types (more precisely, due to the stability of linear operators I'* and
o), the effect of the initial distribution disappears for high ¢.

The operator-valued function x (u) aggregates the past (for positive u) and future
(for negative u) actions. For further use, it is important to describe two properties
of k(.). First, x(.) has exponentially decaying tails, i.e., ||x (u)|] < Pef* for some
constants P and p. The interpretation is that the impact of actions far away in the
future or in the past on the present best response action decays exponentially. Second,

although we do not have a closed-form formula for x, we can show that its Fourier
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transform'® is equal to
Fr(w) = / X (u) du = K (w) + Iq + M 0 Mg, (6.5)

where linear operator K (w) is defined in (6.1).

Approzimate linear dynamics. Let (w™,v”) be the best response dynamics initiated

by perturbation (w° v°). For each t > 7, define a generalized action

ol =wp — o = / (w;t_T - a*) dp (c).
Thus, w] is equal to the difference between the average action that 7-period agents
plan to play in period t > 7 and the stationary equilibrium action.

We are going to describe the dynamics of w]. Recall that the average action w;
changes with 7 because in each period 7, a fraction of players replace their strategies
by the best response b (w”,v"). Because the arrival of a revision opportunity is inde-
pendent from the agents’ behavior, and because the mass of the players that receive
the revision opportunity is equal to Ad7, the change in the average action is equal to

dwy]

dr
We use approximation (6.4) to derive a linearized version of the above dynamics:
fort > T,

= A(by—r (W™, v") —w]) fort>T. (6.6)

T (- Mo M) =)+ [ m@[=de]. (6D

We need to be careful here because approximation (6.4) is only valid for high t.
However, it turns out that, if A is sufficiently low, the approximation (6.4) is good
enough. The intuition is that if the revision opportunities are rare, then from the
point of view of period ¢, the bulk of actions played in period ¢ were chosen as the
best responses in periods s < t and they are well approximated by (6.4).

The dynamics (6.7) are still too complicated for a head-on analysis. We make two
additional simplifications. First, suppose that actions w] and equation (6.7) holds

for all all ¢, including ¢ < 7. Second, suppose that @} is square-integrable in ¢. In

10gee Appendix A.2 for the formal definition and the properties of the Fourier transform.
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what follows, we first analyze the dynamics (6.7) with the two simplifications, and

next, we explain how to dispense with them.

Dynamics of Fourier coefficients. The two assumptions imply that w] can be treated
as square-integrable functions of ¢ € R. In particular, we can apply Fourier transform
to the both sides of (6.7): for each w € R,

TEE (%)

dr dr
=7 (A (<L Mako M) =71+ [ o) w7 | | (@)
A ((~La = Mzh o M) [Foom (@)] + F[For™ ()]
K () [Fo™ ()] (6.8)

The first and the third equality follows from the linearity of the Fourier transform.
The last equality comes from (6.5).
Equation (6.8) is a linear time-homogeneous first-order (vector-valued) differential

equation that can be analyzed separately for each w and it has an explicit solution

Fo© (w) = ) [Fod (w)], (6.9)

tAK(@) {5 a matrix exponential function.'!

where e
The convergence properties of (6.9) are well-understood. In particular, if the real
parts of all eigenvalues of operators K (w) are uniformly bounded away from 0, then

Fw™ (w) — 0 when 7 — 0o at exponential rate.

Back to the original dynamics. Because the Fourier transform has a continuous in-
verse, the convergence of the Fourier coefficients Fw” (w) implies that the average
actions converge to 0. (We gloss over some technical issues: The convergence of
Fourier coefficients implies the convergence of w” (w) — 0 in the square-integrable
norm L?. An additional argument is required to show that the average actions con-
verge to 0 uniformly, or that @™ (w) — 0 in the “sup”, L*-norm. That argument

relies on the fact that function  is uniformly bounded and has exponential tails.)

Hgee Appendix A.3 for details.
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We briefly discuss the issues related to extending the convergence of the linearized
dynamics (6.7) to the original dynamics. First, we want to show that the convergence
holds for all functions @] uniformly bounded (in ¢) and not only square-integrable.
For this purpose, for each t, we take some sufficiently large A > 0 and divide the ini-

onear ¢ | wo,dlstant t onear ¢ _

tial perturbation w? into two parts @’ = w , where @

odistant + _ o
= wyljs_¢>a corTE-

w21|s_t‘§ A corresponds to near past and future, and w
sponds to distant past and future. Because (6.7) is linear, we can separately consider
the dynamics initiated by each of the two parts. The “near” part is square integrable,
hence the dynamics converges by the above argument. The speed of the convergence
depends on the square-norm of w®*€al ¢ hence it decreases with A. Because of the
exponentially decaying tails of function x, the effect of the distant part on the dy-

namics of wj is limited as long as 7 < 7* for some threshold 7* that increases with A.

We can choose A so to guarantee that Hw[ "Il is smaller than ||?|| uniformly across
all t. We repeat the argument to show that ] — 0 uniformly across all ¢.

Second, we want to show that the convergence holds if the average actions w] and
th, A profile w (w, «) of wave-like strategies is characterized by (unique) frequency
parameter w and a measurable function o : C — A® that assigns an amplitude to each
cohort. e dynamics (6.7) are restricted to 7 < ¢t. As compared to the linearized version
of the original dynamics, the unrestricted dynamics contains an error that comes from
the evolution of actions w; for t < 7. It turns out if the revision opportunities are
very rare, then the error has a very limited impact on the evolution of actions w] for
t > 1, i.e., the part covered by the restricted dynamics. The idea is that

Finally, we bound the difference between the best response dynamic and its lin-

earized version using similar arguments to those used in the analysis of the revision

dynamics in the case of static games.

6.2. Sketch of the proof of Theorem 2: necessary conditions. We explain
that if operator K (w) has an eigenvalue with a positive real part, then there exists
an initial perturbation of a particular wave-like form that initiates diverging best
response dynamic. The argument relies on the approximation methods developed in

the first part of the proof.
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For each frequency w € R and measurable function a : C — A®, define a profile of

wave-like strategies so that for each cohort,
we (w,a) =0 (w,a(c)),

where o (w, a (c)) is a wave-like strategy with frequency w and amplitude « (c) that
is defined above in (6.2). Let o = [ (c) du* (c) be the average amplitude in profile
w (w, a).

We use (6.4) to compute an approximate best response to wave-like profiles w (w, ozc> :

b (w (w,a),.) ~ — (M;}l o MZB) {Re (aEe_ﬂWt)} (6.10)
+ / K (u) [Re (ac’Ee_iQW(t_“))} du

=Re ((— (MZ}‘ o MZB) [OzE} + Fr (w) [aC,E]) e—iQm,ut)
=0 <w, (K (w) + 14) {aED .

(The first proper equality comes from the fact that linear operators M4, M% 5, and
the operator-valued function x have only real parts, and from the definition of the
Fourier transform.) In particular, the best response has a wave-like form with the
same frequency parameter as the original strategy profile. The amplitude coefficient
of the best response strategy is a linear function of the average amplitude in the
population. The exact value is determined by on the is equal to to the value of
operator K (w) on the amplitude of the original strategy.

We explain how to use observation (6.10) to show the instability of the best response
dynamics. Suppose that the 7-period strategy in the population is given by profile

B The 7-period best response strategy is

w (w,a”) with the average amplitude «
given by (6.10). During the next dr periods, a fraction Ad7r of players receives an
opportunity to revise their strategies to the best response strategy. In particular,
after dr periods, the new population profile has the same form as the original profile
but with a slightly different distributions of amplitudes with the average amplitude

approximately equal to

T — (1 = Nd7) o7 + M7 (K (W) + 14) {aET} : (6.11)



STABILITY OF STATIONARY EQULIBRIA 33

Because the (approximate) best responses depend only on the average amplitude,
we can trace the behavior of the best response dynamics by tracing the behavior of
the average amplitudes. Heuristics (6.11) suggests that the average amplitude evolves
according to the linear, time-homogenous differential equation

dO./ET

dr

= K (w) [aET] :

The long-run behavior of such equations is well-understood and it depends on the
eigenvalues of operator K (w). If a* is a (possibly, complex) eigenvector of K (w)

with a (possibly, complex) eigenvalue 1, then

is a solution to the above differential equation. If ¢) has a strictly positive real part,
then the above solution explodes and the approximate linearized dynamic diverges.
We extend

7. STABILITY OF STATIONARY EQUILIBRIA WITH RESPECT TO LEARNING
DYNAMIC

In this section, we describe the sufficient and (almost) necessary conditions for the

stability of stationary equilibria with respect to the learning dynamic.

Theorem 3. Suppose that operator M}, is negative semi-definite and operators I'*
and I' g are stable. Take any finite set @ C R, 0 € Q of frequencies. If family
{K (w) : w € Q} is uniformly stable, then there exists \* > 0 such that for each A <
A\*, the stationary equilibrium is (Q, X)-stable. If there exists w € Q such that K (w) is
unstable, then there exists \* > 0 such that for each A\ < X*, the stationary equilibrium
is (€2, \)-unstable.

The Theorem says that the uniform stability of family { K (w) : w € 2} is a sufficient
and almost necessary condition of the stability of stationary equilibrium.

As we explained in the discussion of Theorem 3, each operator K (w) is a Jacobian
of the best response function restricted to strategies that have wave-like form with

frequency w. The fact that it is enough consider wave-like strategies is not surprising
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given that the learning dynamics force the agents to predict wave-like strategies of
their the opponents.

The learning dynamic encompasses variety of models that differ with respect to the
range of frequencies {2 that can be detected by the agents. The Theorem implies that
the larger detectable set €2, the more stringent conditions required for the stability of
equilibrium. The intuition is that if the agents can detect more patterns, this leads

to more complicated dynamics, with extra possibilities for instability.

7.1. Sketch of the proof. As in the case of the best response dynamics, the proof
of Theorem 3 relies on the linearization of the learning dynamic in the neighborhood
of the stationary equilibrium. The details differ somewhat from the proof of Theorem
2. We sketch the main idea below.

Suppose that family {K (w) : w € Q} is uniformly stable. We are going to argue
that for each strategy profile w in a (sufficiently small) neighborhood of the stationary
equilibrium, the average coefficients a’? (.) and a’¥ (.) of regression (2.7) converge to
0. This implies the convergence of the best responses, as well as the convergence of
the dynamics.

It is convenient to define “Fourier” decomposition of the average past actions: for

each frequency w, and for ¢,

a; (w) =

~+~ | N

t
/ (wS’E — a*) e s (7.1)
0

The complex coefficient af (w) is closely related to the regression coefficients: for

sufficiently large ¢, and all w # 0,

af (w) mag (w) +iagy ().

We also have aL? (0) ~ a* + Re (oziE (0)) (because sin (0) = 0, the value of the coeffi-

cos
t,E
sin

cient ag, (0) is not important). The approximations follow from the Euler’s formula

and the equations that characterize the linear regression. Due to the approximations,



STABILITY OF STATIONARY EQULIBRIA 35

the agents forecast made in period ¢ is (approximately) equal to

whtE = = > abl (W) cos (2mw's) + aP (W) sin (27w's) (7.2)
w'eN
~ Z Re (atE (UJ/) 6—i27rw/s> )
w'eN

In particular, the forecast has a wave-like form (6.2).

We are going to describe the dynamics of the coefficients af (.). Notice that the
average actions played in period s are equal to a (weighted) average of the actions
planned in period 0 and the best responses chosen by players who revised the strategies

between periods 0 and s:

s
we = = e MuwF 4\ / be_u (wp’“, v“) e M=) gy,
0
The weights on different periods depend on the arrival rate A of revision opportunities.
Because the first term becomes small for sufficiently large s, we are going to drop it in
subsequent calculations. We can approximate the best response action using formula

(6.10) as well as the approximation of the forecasted strategy (7.2):
bs—u (wP,u u) Z Re( + I.A) |: (w/)} e—z‘27rw’s) )

We substitute the two above equations into (7.1): after some algebra, we obtain a
sequence of approximations:

S

af (w Z Re )+ 14) )\/ ([af (w')D e AW gy | @2 | gi2mws g
o We? 0
Z Re ( )+ 14) { (w’)} e’iQWw/S) s g
w'eN
~ /Re )+ 14) [ (w/)} e‘izws> ™S s

~ 1 / (K (w) + L) [af ()] ds

0
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(In the second line, we use the fact that A f ({af (w’)]) e 7w ~ af (w') for each

frequency w’. In the third line, we use the fact that an integral of a product of two
wave-like functions with different frequencies w’ # w is close to 0. The last line relies
on an analogous fact about the integral of the product of imaginary exponential with
the real part of wave-like strategy with the same frequency w. )

The last line of the above equation describes an approximate dynamics of the
Fourier coefficients. (Notice the similarity to fictitious play formula). The approxi-

mate dynamics has a closed-form “solution”
af (W) = e(logt)K(“’)agJ (w).

As we discuss above, the approximate “ solution” converges if linear operator K (w)
is stable. It diverges if K (w) is unstable, and a¥ (w) is chosen to be the eigenvector

associated with an eigenvalue of K (w) with a strictly positive real part.

8. CONCLUSIONS

TBA

REFERENCES
APPENDIX A. MATHEMATICAL PRELIMINARIES

A.1. Terminology and notation. For each Banach space X, each profile of X-
valued paths y € D ((C, C, 1) Y) , define the real valued paths x”, ||x|| € X, so that

for each t,

= / Y (@) du(c), and

xlle = 1 G 0l 2 = ¢/ Ix (e )11 du (c).

Recall that £ (R, E) for each 1 < p < oo is the space of Lebesgue-measurable,
LP-integrable functions g : R — E. We denote the £P-norm of function g € £L? (R, E)
25 gl -

A Lebesgue-measurable function g : R — FE is exponentially bounded if there
exists constants P < oo and p > 0 such that for each t € R, ||g (t)|| < Pe~1. Let
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L7 (R, E) be the space of exponentially bounded functions. Of course, L® (R, E) C
LP (R, E) for each 1 < p < 0.

It is convenient to introduce the following terminology: For any two functions
¢ (w,vg), & (w,v9) € X that depend on profiles of strategies w and initial type dis-
tributions vg and with the values in some Banach space X, we say that ( is a first
(or second)-order approzimation for &, if there exist constants K < oo and € > 0
that depend only on the parameters of the model (i.e., the values and derivatives of
functions g and ), for all profiles of strategies w and initial type distributions vy such

that ||lw — o*|| + |lvo — v*|| <,

1€ (w,v0) = & (w,v0)llx < K ([lw—= 0| + [[vg = 07),

(or 11¢ (w, v0) = & (w,wo)lly < K (lw = 0" + oo = v"[)?)

A.2. Convolutions and Fourier transforms. For each k € L' (R, B (E)) and each
h € LP (R, E), define convolution K x h : R — FE as

o0

(kxh)(t)= / k(t—s)[h(s)]ds.

Notice that ||k x hl|;, < ||&]/1 ||k]] p. We can check that if k € L®P (R, B (E', E"))
and h € L? (R, B (E, E')), then k x h €€ L®? (R, E).
For each h € L! (R, F), define the Fourier transform of h as Fh: R — E,
Fhw) = h(w) = / () e=2mt gy,
Let R be the “fip” operator, i.e., Rh (x) = h (—z). If functions h and h are integrable,

then the Fourier transform is equal to its inverse modulo the flip:
FHRF (h)) =F " (FR(h) = h. (A1)
If he L' (R,E)N L* (R, E), then the Plancherel’s Theorem implies that

Il = ||f (A2)

L2’

Also, we have || Fh|| s < [|R|| 1
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For any k € L®? (R, B(FE)) and h € L' (R, E), the convolution theorem says that
the Fourier transform of the convolution x x h is equal to the product of the Fourier

transforms of x and h,
F(kxh) (W) =F(r) (W) [F (h) ()] (A.3)

A.3. Matrix and operator exponential. Let X be a finitely dimensional vector
space. For each A € L (X, X), and each ¢, define linear operator exp (4) € L (X, X)

exp (A) = E_:O

We refer to exp (A) as the matrix exponential. It is well-known that if linear operator

(A)". (A4)

n!

A is stable, then lim,_,qe!* = 0, and if Ais unstable, then there exists vy € X such

that lim;_, HetAvUH = 00. We use the following uniform version of this result.

Lemma 2. Suppose that X is a finitely dimensional vector space. Suppose that family
of operators B C L (X, X) is relatively compact (i.e., its closure is a compact set)
and uniformly stable. Then, there exists P < oo and p > 0 such that for each A € B,
each x € X, each t > 0,

lexp (At) z|| < Pe™"" ||| .

Proof. The claim follows from the continuity of eigenvalues. O

The definition of the matrix exponential can be generalized to bounded linear
operators on Banach spaces. Let X be a Banach space, and let L (X, X) be the
space of bounded linear operators A : X — X with the operator norm ||A| =
SUD,. |z <1 | Az[]. We can define the operator exponential using formula (A.4). Then,
exp (A) is a well-defined, bounded, linear operator. Moreover, |[exp (A)|| < el4l and
for each x € X, x; = exp (At) x is the unique solution to the differential equation

A

with initial conditions zg = x.

Lemma 3. Suppose that A is a bounded linear operator on Banach space X. Then,

there exists limit

1
pa = lim - log |lexp (A1)] .
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Moreover, for each n > 0,

e there is a constant P, 4 < 0o such that for each x € X and t,
lexp (At) || < Pelatnlealt |z and
o for each t > 0, there exists v € X such that

lexp (At) ]| > elPa=meaD |z

Remark 1. If X is finitely dimensional, then p, is equal to the largest real part of

eigenvalues of matrix A.
pa = max {Re(A) : A is an eigenvalue of X} .

Proof. For each t, let p, = 1log|lexp (At)||. Function p, is continuous with ¢ and
bounded by ||A||. Moreover, for each s >t > 0,

pe < (1 + @t) o

It follows that for each ¢, v > limsup,.,. 7s, and that there exist limit v4 =
limy o0 V4-

Fix n > 0. Let P, 4 = sup,t(pt — (pa+nlpal)). Then, Py < oo because of
continuity of p, its boundedness, and the existence of the limit and part (a) holds.
Additionally, for each ¢, there exists x € X such that |lexp (At) x| > elPa=mlealt |||,
Because p; > pa, part (b) follows. O

A.4. Lyapunov functions on finitely dimensional spaces. The next result de-
scribes Lyapunov-type functions for stable and unstable linear operators finitely di-
mensional space X. Recall the a set X’ C X is a cone if for each z € X', each\ € R,
Ar € X'. For each cone X', say that continuous y : X’ — R, is a cone function, if

y(z) =0 for x € X' iff z = 0 and such that y (Az) = |\ y (x).

Lemma 4. Suppose that X is a finitely dimensional (complex) vector space and A €
L(X,X).
(1) If A is stable, then there exists a cone function ys : X — R such that for each
x#0, ya(z) >0, ya(x) is differentiable, and Vya (z) - Ax < 0.
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(2) If A is unstable, then there exists a cone X4 C X, a cone function ya :
X4 — Ry, and constants n, p > 0 such that for each x € Xy, each e € X, if
lell < nllz||, then for each d >0

Ar+e€ Xy and ya (x +d(Az +¢€)) —y () > pd||z| .
Proof. Part 1. Let
Ya (JS)Z/IIeXp (At) z|| dt.
0

Part 2. Let
Ji

Jo

In

be the Jordan decomposition of operator A, let )\; be the eigenvalue associated with

block matrix J;, and let e = (e}, o einl, e e%n) be the associated basis. For each x,
let (ZB%, ez S x%n) denote the representation of vector x in the basis. Then,
xd it + @
; ah || Niwh+ o
f -
! \ix!,

Let I be the set of eigenvalues such that Re();) > 0. Because operator A is unstable,
: : i _ : i 2 i
set I is nonempty. For each ¢ € I, let wj = 1, and, recursively, wj_, = Reoy Wk for
eachk=1,....m; — 1.

For each z, define

i

_ i
ya (z) = Max max w' [T, ,
j¢I,m

Define cone
Xa= {x : (mEiInRe()\i)) ya (z) > 8y ([L’)} :

Then, for each x € X4, ya (x) > p ||| for some constant p > 0.
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Notice that for each 7 € I,

i i
T — xm—i—l’)

+ du, (Re (\)

7
T

(1+d\) @, + dahyy | >w,

%
Wy

%
T

1 i
+ 5dRe (1) (w

m

Tm — Wt ’merlD

)
Z Wy,

%

1 .
+§dRe()\i)w’ x|

m

If wp, |27, 2 Wiy ‘xm—l-l , then

%

(14d\)z,, + dxjnﬂ‘ > (1 + §dRe ()\l)> wy |z |

)
Wy

Thus,

Moreover,

2 \™
ya (x +dAx +€) > ya (v + dAx) — QIIZ)EaIX (Re()@) Ile]| -

Thus, there exist constants 7', p > 0 such that for each + € X4 and € € X, if

lell < 7' [|z]], then
i€l

1
ya (v +dAz +€) —ya (x + dAz) < Zd (min Re (&-)) ya (),

and
ya(r +d(Az +¢€) —y(z) > pd|z| .

A similar argument shows that

1
ya(Az+¢) = 1d (minRe (0)) ya (@)
if |le]] < n'||z|| for each x € X4 and € € X. Because
Y (Az) = 2y’ (),

we get that A'x + € € X 4. O

APPENDIX B. APPROXIMATELY LINEAR DIFFERENTIAL EQUATIONS

In this section, we analyze differential process that are approximately linear. The

main purpose is to provide various bounds on the quality of approximation.
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B.1. Banach-valued differential processes. Let X be a Banach space, and let
A : X — X be abounded linear operator. We consider an (in)stability of a differential

processes xy € X such that

dx
ditt — A:Et + qt7 (Bl)

where ¢, € X is small relative to x;.

Lemma 5. Let X be a finitely dimensional (complex) vector space and suppose that
operator A is unstable. Then, there exists n > 0, constants P,p > 0, and z* € X with
the following property. Take any differential process x; such that xo = x*, and for
each t, (B.1) holds (or, Lz, = 1 (Az,+ q;)) ) and where ¢, < nmax,<; ||z,||. Then,
for each t

lzell > Pe [lzoll - (or, [lze]l > Pt [[zol)-

Proof. The result follows from Lemma 4, which implies that if xy € X 4, then for each
t,

d
iz () > p>0.

U

B.2. Profiles of differential processes. In this section, we characterize upper

bounds on the behavior of certain differential processes.

Real-valued process. First, consider a class of processes y € DR, and z € R, such
that y. and z; are differentiable in ¢ for each ¢, and such that there exists constants

va, VB, K, and processes pa,qa € DR, and pg,qs € R, such that

dy.

dtt < —YaYet + K2zt + qaet + Pact, (B.2)
dZt

pr < —YBZt + 4Bt + DBt

Lemma 6. For each y4,v > 0 and K < oo, there exist constants P,() < oo and
v,€ > 0 such that if processes Yo > 0 and z, > 0 satisfy (B.2), and ifl|qall, , lgll, <
Ke'/? lyll,, then, for each t >0,

Ilwlle < Pe*liglly + Qmax (lpall, + lIpsll,) e
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Proof. Let

4 4 16 1 2 1 2
P=—K, @ =max | —, K] ,e <min < ) ,( >>
Ya @ (m Va8 ) ( ik 1) \uxp’?

Define
1
o= max (5 gl =)

We will show that for each period ¢,

. d
it > 2 (Ipal, + ool then S5 < s, (B3

We consider separately two cases:

e First, suppose that ||y||, > Pz. Then, ||y||, = Py > Q ||pal|,, and

iy 1d]yl,
dt P dt

_L / y (dy> de
Pllyll, J "\ at

1 /
<= Yor (—7VaYet + K2 + qaet + paa) de
P lyl],

1 1 (K 1
< — = /2, =
< P’YA ||Z/||t+ Iz (P + Ke'/* + Q) (/yctdc>

1 1 (K 1
< _ = /2 4 -

1 1
= EVA ||yHt = —ZVA@/%»

where the last inequality follows from the Cauchy-Schwartz inequality.
e Next, suppose that ||y, < Pz. Then, z, = ¢, > ¢ ||pg||,, and
dipy _dZt
dt — dt
P 1
< - ('7th - PKEl/QZt - Q2t> < _173%'

< —YBZt + qas + PBy

Proof. Claim (B.3) implies that
e < e+ G e (lpall, + sl

The Lemma follows from the fact that ||y||, < P.
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U

Vector-valued processes. Let X be a finitely dimensional space. We analyze the be-

havior of processes Yy € DX that satisfy the differential equation

cht
dt

= AXct + (B - A) XtE + Dct + Get, (B4)

where A and B are linear operators on X, and p,q € DX are some differential

processes.

Lemma 7. Suppose that operators A and B are stable. There exist constants P, Q) <
oo and 7y,e > 0 such that if (i) process x« € X satisfy (B.4) for each ¢ and t,
(i)l < € Ipll < e, and (iii) for cach t,]qll, < €2 |ix],, then

Ixll; < Pe™ [Ixlly + @max e [|p|.

Proof. Let y4 be the function from Lemma 4 chosen for operator A. Define ma, M4 >
0 as, respectively, the minimum and the maximum value of function y4 (z) on the
unit sphere {z € X : ||z|| = 1}. Let

va4 = — max Vyu (z)- Az > 0.

z:||z]| =1
Similarly, define yz(.), mp, Mp, and 5.

Because function y4 (.) is homogeneous of degree 1 and differentiable everywhere

except for x = 0, the Euler’s theorem implies that for each x # 0,

x x
V(o) Az = Vo () At el = <allel = ~ramana o)
An analogous property holds for function yg (.).
For each c,
T_ yA(Xct)'( Xct+( - )Xt +QCt+pCt>

< — amaya (Xet) + | B = Al Miya () + Mae'? [|x[l, + Maper.

Because
dxf

yr = Bx;y +pf +4qf,
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we have

M =Vys (x7') - <M>

dt dt
=Vys (') - (BxXI +af +17)
< —ypmpy (X7') + Mpe'? |lqll, + Mg |p], -

The result follows from an application of Lemma 6 to y = ya (xe) and z; = yp (Xf)
O

The above Lemma has a simple extension.

Corollary 1. Suppose that operators A and B are stable. There exists constants
P,Q < oo and vy, e > 0 such that for each x € DX, if (i) process x« € X satisfy (B.4)
for eachc andt, (ii)lxll, < e lpll < e and (i) for cacht, lgll, < L2 ], +¢* I,
then

Ixll, < Pe™ [Ixllo + Qmaxe ™ p]],.

1/2

Proof. Notice that as long as ¢*||x||, < 2€'/2, then for each c, ||¢,| < €/?|x]|, and

Lemma 1 applies. In particular, there are constants P, (Q < oo and ¢ > 0 such that
CIxll, < PCe' + QCTe
Thus, in order to ensure that ¢* ||x||, < %el/z, it is enough to require that,
e <min (¢,(2(P+Q)¢") 7).
OJ

B.3. Linear and time-varying differential equations. Next, we describe another
consequence of Lemma 7. Let B € L (X, X) be a path of linear operators on finitely
dimensional X. For each z € X, let y (B, x) € X be the solution to the differential

equation

Lemma 8. Suppose that linear operator A € L(X,X) is stable. There exists a
constant K < oo and € > 0 such that for each x € X,
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(1) for any two paths B,C € L(X,X) st. |B—A|,||C — Al <k,

ly (B,z) =y (C,2)| < KI|B=C| |||,

(2) for any paths B,C € L(X,X) st. |B—A|,||B—C| <e,

1

H; (v(B.2)+y(Co) =y (5B + 2 ")

<K|B-CJ.

Proof. 1t is enough to assume that ||z|| = 1. Part 1. Let by = v, (B, z), ¢, = v (C, ),
andy; = b; — ¢;. Then,

d
% = Btbt — CtCt = AXt + (Bt — At) Xt + (Bt — Ct) Ct.

= Ax: + i + @,

where p, = (B; — At) x4, and q; = (B; — Cy) ¢;. We have,||p|| < €||x||, and, by part 1,
lqll < K ||B — CJ| ||z||. The result follows from Lemma 7.
Part 2. Let by =y, (B,z), ¢, =y, (C,x) , uy = yy (%B + %C’, x), and

Xt = = (b + ) — wy.

N —

Then,

d 1 1 1
% :§Btbt + §tht ~ 5 (Bt + Ci) wy

=Axi + (B — A) xe + (Cr — By) (¢r —w) = Axe + pe + @,
where p; = (B; — A) xt, ¢ = (Cr — By) (¢ — wg). We have, ||p|| < €||x||, and, by part
2, lgll < K ||B = C|? ||z||. The result follows from Lemma 7. O

APPENDIX C. EVOLUTION OF TYPE DISTRIBUTIONS

In this Appendix, we analyze the evolution of type distributions.

C.1. Evolution of population type distribution. In this section, we compute a
linear approximation to the evolution of the type distribution in population. Recall
that v (w,vy) € D (W) is the profile of the paths of type distributions in the co-
horts given profile of strategies w and initial conditions vy. Let u (w,vy) € D (W)
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be a profile of solutions to a profile of linear equations
d
dt
(we use notation from Section 4 and letting uy, ~ vy — v*) with initial conditions

ug (w,vy) = vy. Also, define measurable function k¥ : R — L (A, ® (©))

Uet = I [ue] + T [utE] + I [wee — "] + T {th - oz*} . (C.1)

(/{E (t)) 1] = exp (tfie) e (FZ+B []) . ift>0

0, otherwise.

If operator I'* ¢ is stable, then k¥ is exponentially bounded.

Lemma 9. Suppose that the linear operators I'* and I o are stable on @ (O).

(1) There exist constants y,e > 0 and P,Q < oo that depend only on the funda-
mentals of the model such that if ||w — o*|| + ||vg — v*|| < €, then

e (w, v0) = ") < P floo — o7 + Qmasx e o — o7
s<

(2) The solution uy to the system of differential linear equations (C.1) with the

initial conditions u. = veo — V* is a second order approximation of v (w,vg).

Moreover, u® (w,vy) is a second order approzimation of v¥ (w,vy), where

ul (w,vy) = (K,E * (wE — U*)) (t) + exp (tF*+9> Vo,
and we take that (wE — a*)t =0 forallt < 0.

Proof. To shorten the notation, write vy = vq (w,vy) for the induced evolution of

type distributions. We use the following decomposition:

% Vet (9) 7 (wer (0) 0, we1 (), 6) dp™ (€) | vee (6)

C
:F* [’Uct — U*] —|— ng |:’Uf:| + pZt + et (02)
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and

g = (Zv (" (0),6,a" (9),6) dp* <§>) (ver (6) = 0" (0)) (v (&) = v" (9))
6,9

+ GZ (/ (ver (9) — v (9)) (7 (wee (0) , 0, wee () , ) — 7 (" (0) , 0,07 (9) , §)) d” (é)) Vet (0) -
o \Z

By the Taylor’s formula and the Cauchy-Schwartz inequality, there exists constants
Ky, K5, K3 < oo that depend only on the derivatives of function v computed at the

stationary equilibrium such that
1P}l < Ky fjw — o, (C.3)
and
lgell < Kz [Jos (w, v0) = 7| lw — 0| + K [Jor (w, vo) — v7[|*. (C.4)
We prove each part of the Lemma separately.

(1) Define x* = v (w,v9) —v* € D (CID (@)) Because of the decomposition (C.2),

Nt _ ( / 320 6)7 (1 (6), 6. (6). ) (5)) v (6)

=" [xo] + 6 [XfE} + et + et

By Corollary 1 and due to bounds (C.3) and (C.4), there exists constants
P < oo and v, € > 0 such that ||w — o*| + ||[vg — v*|| < €1, then

o () = vl < P oo = ||+ Qmaxe ™ o =", (C:5)

(2) Define x = v (w,vg) —u € D (m) Then,

dsl(td - ( Z Vst (¢) Y (wct (0) ,9, Wet (¢) 7¢) dIuA (f)) Vgt (Q)
o 99

— (F* [uet] + Ty [uﬂ + I [wee — "]+ TF [wf - oz*]) . (C.6)
Because of the decomposition (C.2),

cht
dt

=" [Xct] + Fg [X{E} +pt + dt,
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where

Z (wee (0), 0, wee (), 0) — v (@ (0),0, 0" (¢) , §)) du™ (€) v* (8) v* ()

— Vasp6 [Wet — "] = Vo006 {wf - Oé*} .

By the Taylor’s formula and the Cauchy-Schwartz inequality, there exists con-
stant K5 < oo that depend only on the derivatives of function v computed at

the stationary equilibrium such that
lpell < 5 [fw — o™ (C.7)

The claim follows from Corollary 1 and bounds (C.7) , (C.4), and (C.5).
U

C.2. Evolution of private type distribution. In this section, we analyze the
evolution of the type distributions of a single player. Suppose that the popula-
tion is characterized by a profile of strategies w and initial distributions vy. Let
v(0,0;w,v9) € AO denote the path of the expected distributions over types of a
player whose initial type is # and who uses strategy o. The path v (0, 0;w,vg) obeys
the equation
d
%Ut (0, 05w, v0) =) L0, wer (9) . ) Vet (05w, v0) vy (6,0, 05w, v9) dp (c) .
067,
(C.8)

with the initial condition vg (0, 0; w,vg) = dg. The next Lemma describes some regu-

larity properties of v (o; w, vp).

Lemma 10. Suppose that the linear operator I'* and I g are stable on ® (©). Then,
there exists K < oo and € > 0 such that for any strategies o,c’, profiles of strategies
w, W', and initial type distributions vy, vy such that ||o — o*||, ||lw — o*|| , ||w" — o*|| , |[vo — v*||, [[vy — v*|]

€

[v (03w, v0) — v (o"s 0’ vg)|| < K ([lo = o'|| + [lw —w'|| + [lv =[]}, and

1 1 1
0,0;w v0)+2v(9 o'sw,vg) — v<0,2a—|—20’;w,v0)

H ‘§K||a—a’||2.
2
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Proof. The result follows from Lemma 8. U

Next, we derive an approximation to the private type evolution v (6, 0*; w, vp), i.e.

the evolution when the player uses the stationary strategy o*. Define

u (0;w,vy) = exp (I'"*t) [0g]

t
+ (/ (exp (I (t—s))o (FE [wf — a*} + Iy [vf (w,vp) — U*D) oexp (I'™s) ds) [0g] -
0

Lemma 11. Suppose that the linear operator I'* and I g are stable on ® (©). Then,

w (0;w,vg) is a second-order approximation to v (0,0%;w,v*).

Proof. Notice that u (0, 0;w,vg) is a solution to equation:

ccliut = I [ug] + (F*B {th — a*} +1g [vf (w,vg) — U*D [v) (0)]. (C.9)

with the initial conditions ug = dp. Let x = v (0, 0%;w,v*) — u (0;w,vy). Then,

d t * /nl / / *
diﬁ:z "}/(CY (9)797wct(¢)7¢)Uct(¢;wvvﬂ)vt(07970 §waU0)d/iA(C)

0’,¢C
— I [w] = (T5 [wf —a*| + T [vf (w,v0) =] ) [0 (6)
=I"x¢ + pr.
where
=y [ (v(@ (0,0, 0 (9),0) —v(a"(0),0,a"(¢),¢))
0/,¢C

e (3w, v0) vy (0,0, 0% w, vo) dp™ (c)
—-I'y [wf — a*}
=> / (v (@ (8,0 waa (8),6) =7 (" (0) .0, 0" (6) , &) — Yoo [} () — " ()] )

C
0" () 0 (0,6, 0% w, vo) du (¢)

s / (7 (0" () .8 et (6), 8) — 7 (0" (&), 0, 0" (8) . 8)) v

067

(Ve (63w, v0) — 0" () v (0,0, 03w, v0) dpr™ (c)
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Because function v is twice differentiable, the Cauchy-Schwartz inequality implies

that there exists a constant K’ < oo such that
* * (1) 2
Ipll < K ([lw = o™ + [lv (w,vo) — v*]|)".

The result follows from Lemma 9 and Lemma 7. [l

APPENDIX D. LINEAR APPROXIMATION TO THE BEST RESPONSE FUNCTION

In this part of the Appendix, we we derive an approximation to the best response
function. Suppose that linear operator M}, has an inverse and that linear oper-
ators I'* and I'" g are stable on @ (0). Define measurable functions ¢ : R —
L(®(0),9(0)),and k) : R— L(A,®(0))

v Mg |[.] oexp <(T‘I<p(9) - F*) t) , it <0
(k6 M) 1= |
0, otherwise.
Mg [Joexp ((rlae —T*)t), ift<0
0, otherwise.
Define linear operator A € L (A, A)
A= —MjioMigs.

Define measurable function x : R — L (A, A)

(5 (1) [] = =Mz o % [((kE * 7 + k5) (1) [)] = Mih o Mie (5 () 1]

Because k is a (sum of) convolutions of exponentially bounded functions, it is expo-

nentially bounded. Finally, define measurable function ¢: R — L (® (0),.A) as

(c()[) = =Mk o Mo [exp (tT50) [1] = Mk o T [58 x exp (116 [1]

Function ¢ is exponentially bounded. Given the assumptions, the operators and

functions are well-defined and all the functions are exponentially bounded.

Lemma 12. Suppose that linear operator M} 4 has an inverse and that linear oper-

ators I'* and I'* o are stable on ® (©). Then, strategy b (w,vy) € A, where

b (w,vy) = A (wf — a*) + (H* (wE — a*))t + ¢t [vg — V"]



52 MARCIN PESKI AND BALAZS SZENTES

is a second-order approximation to the best response function (b(w,vy) — o*). More-

over, Fr (w) = K (w)+ 14— A
The proof is divided into 5 steps.

D.1. Step 1: First-order approximation to the value function. We are going
to show that constant V* is a first-order approximation to V (w, vg).

It is enough to show there exist constant K < oo and € > 0 such that for all profiles
of strategies w and initial distributions vy st. ||o — o*||, ||[w — o*|| , ||vo — v*|| < €, any

strategy o,
G (0, 0,w,v0) = G (0,0,0%,07) [ < K ([lw— 0] + [[vo — v5]]) -
Notice that

G (0,0;w,v9) — G(0,0,0",v")

[e.o]

= / e "t Zg (¢ (0;) , 01, " (@), 0) (v (04,0, 0;w,v9) — v* (0, 0,0, v%))v* (@) | dt

) L o0

+ / / g(0:(0) 01,0 (6),8) v (01,0, 0w, v5) (ver (¢, 00) — v (¢)) | dt
0 o o

+ /e_rt /Z (g (Ut (et) 79157 Wet, ¢) —4g (Ut (et) >9t7 04* (¢) ) ¢)) v (0t7 97 0; W, UO) Vet (¢’ w, UO) dt.
0 o oo

The result follows from Lemma 10 , Lemma 9, and the differentiability of function g.

D.2. Step 2: An intermediary approximation to best response. We are going
to show that strategy b4° (w, vy) € A, where
b (w, ) — o
=— Mjio0 My {wf - O‘*}
— M4 o Mg [vf (w,vg) — U*]

— My oI5 [V (w,00) = V]

is a second-order approximation to the best response function (b; (w,vy) — a*).
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Define
M, (a> 0, w, UO) = /Z (g (av 0, et (¢) >¢) + (V;f (wv UO))T Y (a> 0, wer <¢) ) ¢)) Vet (¢a w, UO) dﬂ/\ (C) :
¢

By Lemma 1, the period t best response action a of player with type fstrategy must
maximize M, (a, 6, w,vy). The assumption that linear operator M7 4 is negative def-
inite implies that M, (.,0, 0%, v*) is strictly concave in a neighborhood of o* (f) and,
by the definition of equilibrium, it has a M, (., 0, c*,v*) has a maximum at o* (6). It
follows the form of function M; and Step 1 that M, (a, 9, w, vg)is strictly concave for
each t and all profiles of strategies w and type distributions vy in some neighborhood
of the stationary equilibrium. Thus, b, € A is the period ¢ best response action of

player with type 0 given w, vy if and only if it satisfies the first-order conditions

/ 5™ [Ma (5010 (8) . 6) + (Vi (10, 0) = V)T 9, (b1, 0, wes (6), 0)] v (6) die® () = 0,
(D.1)

where we use the notation of function M from Section 4.
In order to find an approximation to the best response, we compute a first-order ap-

proximation to equation (D.1) (to shorten the notation, we write v () = v (@5 w, vg))

/ 3 Mo o (6),0) 0 (0) 4 €
= Z M, (" (0),0,0" (9) ,¢) v* ()
+Z( 0,07 (0),0) (vF (6) —v" ()
+3 / o (00,0, 0 (6),8) v (6) — Ma (0 (6),6,0° (6) ,8) v (6) dit® (0
+Z wat [br — a* (0)]) v* (6)

+ Z (Mg [wf = a]) v* () + i,
¢
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Y ( / o (00,00 (9) , 8) — M, (b,8,0" (6) ,6)) dit* () — My [wf — a*]) v (9).
]

Similarly,

/ [V (w0, 0) = V) 50 b1, 0,00 (9) . 6)] s () it (0
=3 (Vi (w,0) = VY 7 (0" (6) . 6,0" (6), 6) " (6) + 7,
¢

where

= / 22|Vt ) = VY (o (0),0, 07 (6),6) =30 b B, ), 0] o° (9) e (2
+ / S Ve (w,v) = V) 0 (b, 0, wer (6) ,6)] (v (6) — v* () d® ().
¢

By the Cauchy-Schwartz’s inequality, Lemma 9, and Step 1 of the proof, there exist
constant K’ < oo that depend only on functions g and « and such that
|| <K (lb = 07| + lw = 1) (lw = o™ + [[o — v} (D.2)
+ K'||b—o"[|* + K [lw — o7 ||,
Ip/ll <K' [lw = o™ || ([b = o™[| + [lw — o™|])
+ K" ([Io = o™|| + [[w = o™||) (Ilw = ™[] + [lvo — v"[]) -

We can rewrite the first order conditions (D.1) using the approximations together

and the notation from Section 4 yields

Maalbe (w,v0) = a'] =Mjp [wf — | + Mig [vf (w,v0) = o] + 1% [Vi (w, v0) = V]

+pt +pt
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The above argument implies that ||b (w, vg) — o*|| can be made arbitrarily small. The
Lemma follows from the above equality, approximations (D.2), and the fact that linear

operator M7 4 is invertible.

D.3. Step 3: Envelope theorem. We are going to show that G (o*;w,vg) is a
second-order approximation to V' (w, vp).

In order to shorten the notation, let
o=0c"0 =2b(w,v) —c*,b="b(w,v),
for each strategy s = 0,0, b, let
v¥=w(0,sw,v),

/ S g (5(60) 600" (6) ) ver (w, v0) dpi® (c)

We start with a preliminary observation. For each t, each type 6, the triangle

inequality implies that

507 @0 @)+ 50 @ 0) - ) )

2
~ b o)+ 7 6)— g )] 11 @)
g ] (07 0)+ 27 @) =0 )H

45 laf ) =g O 17 @) " )] + —0 (9)

—|lg? ©) = g7 O] ||o" () — v (8)] .

Because function g is twice differentiable, and due to Lemma 10, there exists constant

K’ such that if [jw — o*|| + ||vg — v*|| is sufficiently small, then

1 / / b

297 (0)07 (0) = g2 0) 0" (0)] < K’ 2o = o))"

0) v (0) + 5

|97
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597 O (0) + 507 (600 (0 — ot (6 (6)

which implies that

1 1 1 1
HQG (0™ w, ) + iG CARNE (0 + 0';w,vo>

2 2
S / efrt Z dt
0 Ot

1 1/ * *
<101 (K" (llw = o*| + flvo = v51)?) - (D.3)

We can move to the proof of the Lemma. By (D.3),

(G (b(w,vp) ;w,v9) — G (65w, 1p))

N~ N~

<5 (G (2b(w,v) — 05w, v9) — G (b(w, vo) ;w, vp))

1 * * (112
+ o K ([lw = o7 +[lvo —wll)"

Because b (w, v) maximizes Gy (.;w, vg), it follows that
G (b (w, v0) ;w,00) = G (075w, 00) < K ([Jw — 0™ || + [Jog — w5])*
Finally, notice that
V(w,v0) = G (0% w,v0) =G (b(w,v) ;w,v0) — G (075w, v0) -

D.4. Step 4: (Second-order) approximation to value function. We are going

to show that function
Ko * u (w,v) (1) + K * (wE — a*) (t)

is a second-order approximation to V; (w, vp).

Because of Step 3 of the proof, it is enough to derive the approximation to

o0

Gi (0", w,v) — Gy (0", 0",v") = /e_’"(s_t)Asds, (D.4)
t

where, for each period s,

As = Z (g (a* (98) ’ 657 Wes (gb) ) ¢) v (495, 9, 0-*; w, UO) Ucs (gb, w, UO)) d:u)\ (C)
05,0

_Hz(g (a/* (98),93,6)(* (¢)7¢) U: (9579) v* (¢))
5,
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In order to shorten the notation, let

Ves (¢) = Ues (¢a w, UO) )
Vs (957 0) = Vs (087 9, 0*; w, UO) )

96 (0) = g (a” (05) , 05,07 () , §)

Notice that
A, 2% vl (05,0) (v () — 0" (9))

Z (95 (05) (v (05, 0) = v (05, 0)) v* (9)) diu* ()

Z (9 (0.), 00 wes (), 0) — g5 (6)) 07 (6,.0) v™ () di* ()
+ Ps,
where
Z (9" (82) .00, wes (6), 6) v (0:,0) — g7 (8.) V3 (8,0)) (ves () — v* (6))) dpt* ()
Z ((9(@* (0.) 00 wes (), 6) — g5 (62)) (vs (6:,6) — v* (0., 0)) v (6)) dpi* (c).

Using the Cauchy-Schwartz’s inequality, we can show that there exists K’ < oo
such that for all profiles of strategies w and initial distributions vy, if ||w — o*|| +

H’UO — U*H < 6/, then

Ipsll <K ([lw = o™ + [lv (-, 0) = v (, )] [lo () =" ()]
+ K w =0 [Jo(.,0) = v (., 0)]-

Due to Lemmas 9 and 10, there exist constants K” < oo and €¢” > 0 such that if

lw = o™l +[lvo — v*[| < €,

Ipsll < K" (llw = o™ + oo —v"))*. (D.5)
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We use (D.5), the approximations derived in Lemmas 9, 11, and the fact that function

g is twice differentiable with bounded derivatives to derive an approximation to

+g'o

(exp (I (s—t—u))ol'y [Uﬁu - U*D o exp (I™u) du | [0g]

+ 3 (v°(8) G, o [0F (8) — @™ ()] ) 3 (0, 0) + g,
0s,¢
where, for some constant K" < oo,
* *11\2
lasll < K™ ([[w — o™ [| + [lvo — v*[])"

We can proceed now with an approximation to the derive an approximation to

(D.4). It is convenient to first consider only the terms with the average type distri-
E

bution v;” — v*. The Fubini’s theorem and some algebra imply that

[ (Z g3 (18 (0) — v <¢>>) o exp (I (s = 1)) 3] ds

+ ¢

00 s—t

s [erengo ([ [ (e =t —wyors [oh, — o)) oo (Cuydu | (5] | ds

t 0
oo

- / e " (Mg [Uﬁs - U*D o exp (I'™s) [dg] ds,

0
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and

[y ((/ (exp (I (s = £ = w)) o T [, —a]) 0 exp (") du) [691) ds
n / DY (07 (9) g3 [0F (6) — @ (8)]) 0 exp (T (s — 1)) [60] (6) ds

= / e " (Mg {vﬁs — U*D o exp (I'*s) [dg] ds.

This concludes the proof of the Lemma.

D.5. Proof of Lemma 12. By Lemma 9, and steps 2 and 4 of the proof,

is a second-order approximation of b, (w,vg) — of. The properties of convolution and

Fourier transform imply that for each w € R,

(Fr () [] == Mg} oI5 [(Frg @) (F&P (@) [+ (Frj @) []
— My} o Mg [(Fr” @) []] -
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we compute
Frg (W) =Mg[] o /exp (— (T‘Iq)(@) + 2miwlse) — F*) t) dt

0

* . * -1
IM@ H (¢] (T’Lp(@) + 27T7/w[(1)(@) - T ) y

[e. 9]

FrF(w)[] = /exp (— (27rz'wlq>(@) — Pj@)) dt | o ( B [])

0

. * -1 *
= (27”“’[4)(@) - F+®> © (FA+B H) ;
. * _1
flig (w) :ME H o (T]q;(@) -+ 271'2(.0]@(@) -T )
Substitutions yield

(Fr (@) [

= — M ol%o (Mg [(27?2@)]@(@) - Fi@)il o (F*A+B [])D o (7’]¢(@) + 2miwlpe) — F*)

1

-1

— ngl @) fz @) (ME, H) o (T’I@(@) + 27T?:w[q>(@) - F*>7

o (M)

. * _1
— MyhoMigo (QMWLI,(@) — F+e)

AprPENDIX E. PROOF OF THEOREM 1

Suppose that I'" is stable. If I'g | is stable, then the stability of the type distribution

follows from Lemma 7 and the fact that I o [v] is a second-order approximation to
B(v)=>_7(a"(0),0,a" (¢),0) (v (¢) +v () (v" () + v (0)).
0,6

For the second part of the Theorem, suppose that I'g, is unstable. Choose any
0 _

c =

vy € ®(O) be a process such that vy (6*,0") = v* + v, for each ¢. (Notice that the

v € ®(0) and consider an initial perturbation v v* + vy for each cohort c. Let
type distribution in each cohort evolves in the same way.) Then, v; is a Markov
process described by a differential equation

d'Ut

i B (v)
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and I'g, is the Jacobian of function B (.) computed at the stationary point v* = 0.
It is well-known that if v is an eigenvector that corresponds to an eigenvalue of I'g |
with a strictly positive real part, then there exists n > 0 such that for each € > 0, if

vp = €vu, then there exists ¢ such that ||v|| > 7.

APPENDIX F. PROOF OF THEOREM 2: BEST RESPONSE DYNAMICS

Explain. The instability on in the last part.

F.1. Notation. Let 7;,¢; > 0 and P, 7 < 0o be the constants from the first part
of Lemma 9.
Let x and ¢ be the exponentially bounded functions let A be the operator from

Lemma 12. Let Py, P. < oo and py, p. > 0 be constants such that for each ¢,
I ()] < Pe™ and [le (D] < P!

Let ||k|| = sup, || (t)]|. Let K < oo be the constant that determines the quality of the
second-order approximation in part 7?7 of Lemma 12. Also, Lemma 12 implies that
o* is a first-order approximation to b (w,v) and that there exists a constant K; < oo

such that for each w and v,
16 (w,v) — o < K (Jw — o™ + [Jo = o).

Let
2||All | 8P
=— -t
Pk Py
. . < <>
Define a functional linear operators IC,C + 14 on A: for each h € A, let

T, (F.1)

K [h] = A[h] + Kk * h,
(K4 14)[h] = (A4 14)[h] + & * h.
Then, part 7?7 of Lemma 12 implies that
(K + 14) [R]

is an approximation to the best response strategy given that the opponents play
unbounded strategy h. (The approximation drops the second-order terms, as well as

the term c[v] that accounts for the effect of the initial type distribution.)
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F.2. Stability of the approximate linearized dynamics. It is convenient to con-
sider first an approximate dynamics on the paths of unbounded strategies ? The
approximation is based on the linearized version of the best response established in
Lemma 12.

Consider a path of unbounded strategies h' € ? that satisfies the following func-

tional integral equations:
t
Rt =\ / e M=) (K 4 1,4) [h*] ds for each t > 0. (F.2)
0
One can show that for each h°, there exists a unique path k! that satisfies (F.2). More-

AKt

over, if e is the operator exponential defined in Appendix A.3, then the solution

to the unique solution to the integral equations is given by
Bt — MER0

ALKt AKt

The next results characterizes the conditions under which e —0Qore — 00 as

t — 0o.

Lemma 13. Suppose that the family of linear operators {A + & (w) : w € R} is uni-
formly stable. Then, there exists P < oo and p > 0 such that for each h € L™ (A),
each t > 0,
|eXn|| < et |h]| e (F.3)
Moreover, for each h € L™ (A), and each sy, if we define function hys, (s) =
h(s), ifs<sp

, then for each t, s,
0, if s > s

H(e)\’ahf,so) (S)H < 6>\%pnfﬂt7%pn(sfso) Hhuﬁw ]

F.2.1. Square-integrable version of Lemma 153. We divide the proof of Lemma 13 into
steps. In the first step, we establish a square-integrable version of the first part of
the Lemma. (Notice that the existence of square-integrable solution follows from the
same fact as the existence of the £>-solution.) We show that there exists P, < oo
and py > 0 such that for each initial conditions h € £? (R, .A) each t > 0,

Hemth‘

o < P [ o
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Notice that (up to a constant),

erth|l . Thus, it is enough to show
LZ

that there exists P, < 0o and 7, > 0 such that for each initial conditions h € LP (A),
each 7 > 0,

—_— A o~
e Cth < Pye 2T ]

12°

L2
By the properties of the Fourier transform, we get for each w € R, each t > 0,

t
<J€t\h) (@) = (A+ Ly + &) | A / e NE=9) <67<:\h) (@) ds| .
0
and with the initial For each w, the above equation is a matrix-valued integral equation

with a simple solution
(efm\h) (w) = XA ()]

where e*A+HA@)E is matrix exponential defined in Appendix A.3.
Because & (w) — 0 when |w| — oo, family {(A + & (w)) : w € R} is relatively com-
pact. By the assumption, it is also uniformly stable. By Lemma 2, there exists

P, < oo and py > 0 such that for each w,

‘ <€T}Ct\h> W) < Pe|h (w)H :
L2
Thus,
/2
’ e’\’Cth (/’ e’\’Cth )

) 1/2
< Poe 7727 (/ Hil(w)H dw) = Pye P27

This completes the proof of the first part of the proof.

.

F.2.2. Relation between L>-convergence to L*-convergence. The proof in the case £
is a bit more complicated. The idea is to reduce it to the £? case. We start with
two preliminary results. The first result relates £>-convergence to L£2-convergence

for square integrable and bounded functions.
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Lemma 14. There exist constants P' < oo and p' > 0, such that if h € L*(A) N
L (A), then for each T >0,

||| . < Pe (Al o + ] )

‘L

Proof. Let ya : A — R be the function from Lemma 4 chosen for operator A (note that
operator A is stable, because it belongs to the closure of family {A + & (w) : w € R}).
Define my, M4 > 0 as, respectively, the minimum and the maximum value of function

ya (v) on the unit sphere v € {v € A: ||v|| = 1}. Let

7= — max Vya (v)- Av > 0.

vi||v||=1

Fix h € L2 (A) N L>(A). The first part of the proof of the Lemma implies that
for each h € L*(A), each 7 > 0

He)\ICTh

o S P g

Let
)\ICTh

y = HyA °e ‘LOO '

)\ICTh

Then, m 4 He )Eoo <y" < My He’\’CTh ‘coo .

Let p' = min (ymu, p2). By Cauchy-Schwartz inequality, for each ¢

dy” _dya () (1))
dr dr

=AVya (07 () - (A (M7h) (8) + (5% (¥7h)) (1))
<= My [IRT O + Ml || mh

,
< — Mymay” + Palgllye 7 (|A]

< —py" + Pllglly e Al 2
It follows that
y" < e (40 + Palnll, 7] )
< e T (Py|illy + Ma) (18]l g2 + |12 o) -

ACT

The result follows from the fact He
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F.2.3. Bound on the long-distance impact. The next result shows that the impact of

distant regions remains limited through initial period of dynamics.

Lemma 15. For each h € L (A), if h(t) =0 for each t > 0, then, for each T > 0,

each t,
[(€¥7h) () < 2020 )
(Note that the constant Ty, is defined in (F.1).)
Proof. Fix h € L> (A). For each 7 > 0, and each t, define
yT () = o 3Px(t=ATxT) (e’\’CTh> (t).

Then, [|4°] ;o < [|h] . We are going to show that [|y7|| sec < ||A]| ;o for each 7 > 0.
Indeed, suppose that the claim holds for some 7 > 0. Then, for each t > 0,

dH(e)‘/;TTh> (t)H <A A H(e/\KTh> (t)H +A / P,{e_p”‘ul (eAICTh) (t — U)H du
< MAN e 1 [ Pty ettt
<A ||A|| + / Pne_%p"lu'du ||y7'|| e—%pﬂ(t—)\l—‘,ﬂ')

4 1
<) (HAH ; PK) P
P

K

and

dlly @)l _ a]|(e*n) o)
dr dr

4 1
<141+ 27~ Jor.) Il <0

PN | T
ST Ly T (1)

where the last inequality comes from the definition of I'. 0
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F.2.4. Proof of Lemma 15. We can conclude the proof of the Lemma. For any func-
tion h € L™ (A) and each 7, ¢, define

hc,t (8) = 1s€[t72)\1"k7,t72)\1"k7]h/ (5) )

hyt (3) = 1S¢[t72)\FkT,t72)\I‘kT]h (8) .
Then7 h = hc,t + hﬁt and
(e)JCTh) (t) — GAKTh’C,t (t) + €A]C7hf7t (t) (F4)

We bound the two terms separately.

e Due to Lemma 14 and the fact that ||hc|| .. < 4ALeT ||h]] fo, We get

|7 ey ()] < (ANTr + 1) P'e™ ||| g -
e Due to Lemma 15, and the fact that ¢ — (t — 2AI',t) = 2\, for each ¢,
H (eA]CThf,t) (t)H < 267%,0,{(2/\1‘,{7-7)\Fm) HhHLoo ’
Then, for each t,

[ h (1)]] < (UAT.r + 1) Ple '™ 4 2¢m 3@ AT 1) (F.5)

< Pe™7 |[h]] o
where

P =2+ max (4,7 +1) Ple 277 < o,
1

1
=min | =p.x, = /> > 0.
p = min <2p 5P

The second part of the Lemma follows from Lemma 15.

F.3. Sufficient conditions for stability of the best response dynamics. Sup-
pose that family {K (w):w € R} is uniformly stable. We are going to show that
the stationary equilibrium is A-stable for sufficiently small A. Let w™ and v™ be the

dynamics initiated by the initial perturbation w® and v°.
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It is convenient to define an auxiliary dynamics on the paths of unbounded strate-
<
gies A. For each s € R and t > 0, let

wh — o, it s>t >0,

0, otherwise.

Thus, for t < s, h% is equal to the average action that is supposed to be played in
period s as it is planned in period t. For ¢ > s, h' is equal to 0. Because the revision
opportunities arrive independently across all players, the average action played in the

population in period s >t > 0 is equal to

t

@l = e MAY + A / (be—y (W, 0") — ™) e A=Wy, (F.6)

S

0
Using the second-order approximation from Lemma 12, we can rewrite (F.6) as

¢
o' =K+ 14) | / wle MWy | + et + £,
0

where for all s € R and t > 0,

t
62 :152t€_>\tw2 + )\15215 / Cs—u [’Uu - /U*] e_k(t_u)du

0
t

+ Lot /\/ (Ds—u (W, 0") — (K + La) [@"] = oy [v* — v*]), e 27 | du,
0

and

t t

f; = 18<t/\/ (K +1y) )\/w“e_)‘(t_")du e~ ANE=u) 74,

0 0 s

We are going to show that the dynamics of the above equation are determined by

the first term, and all the remaining term e; becomes small for large t. More precisely,



68 MARCIN PESKI AND BALAZS SZENTES

choose constants so that all the inequalities below are satisfied for all A < A*:

Ry
pw 274101€
1,5 1
N <= (T, —
2( ) pw%
Pw<(P<1+p—pw)‘1+Pe)+—A : (F.7)
A+ pg
P. <1+ A PP, 4 e K (P, + P,)? (F.8)
e ctv € w v) > .
pc+)‘(1_pw) 1_2pw
A
P, <1+ (|JA+I|| +||s]|) Ps + T PP el (P, + P,)*, (F.9)
P, <Py + Q1 Py. (F.10)

(Note that it is possible to satisfy all the above inequalities when A* and € < € are
sufficiently small.) Then, we show that if A < A\* and [|[w® — o*|| + [[v° — v*|| < €,
then for each ¢t > ¢, each w € Q,

(1) supsq || < Poe#=e,

(2) lle']] < Pee?=>e,

(3) [l — 0| < PyepaNe,

(4) [[vt —v*|| < Pye~r=Me.
Indeed, let T be the set of periods in which at least one of the bounds above is
not satisfied and let t* = inf T™. If t* = oo, then w™ — ¢* and v" — v* and the
result holds. On the contrary, suppose that t* < co. Below, we show that given the
appropriate choice of the constants, if all inequalities are satisfied for all ¢ < ¢*, then
the remaining inequality is satisfied strictly at ¢ = t*. Because all the objects above
are continuous, this contradicts the fact that t* < oo.

Suppose that all inequalities hold for all ¢ < ¢*.
(1) We show that inequality 2 is satisfied strictly at ¢ = ¢*. We can check directly

that the unique solution to the integral equation (F.2) given e’ and f* is given
by
t
wt =\ / U= =AE=9) (o5 4 9] ds + e, + fy.
0
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Due to the inductive assumption and the first part Lemma 13,

t

)\/eK(t—s)—)\(t—s) [68] d8+6t

0
t

)\P/eAp(ts)e’\(tS)e’\pwsds + Pe P=N¢
0

< (P (14+p—pe) '+ Pe) e M=le,

IN

Also, by the second part of Lemma 13,

t

sup )\/e_’\(t_“) (e’c(t_“) [f“])sds + f!

s>t
0

o [ (49 1)

s>t

At—u) sup 6’\2p'€F”t sp(t= “)) eds.
s>t

>/
o\ o —

Because A\I'; < %, the latter is not larger than

t

< )\/e)\(t“)eip”(t“)ds < A e~ 1Pnte,
< =3t

0

The result follows from the choice of constants, and, specifically, inequality
(F.7).
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(2) We show that inequality 2 is satisfied strictly at ¢ = t*. Because p, < 1, we

have He_’\ton < e M=te. Next, due to the inductive assumption,

t
Al / Cs—y [V — V] e MW gy

s>t

0
t
Ssup)\/Pg“@_pc(s_u)Pve_PwAuﬁe—)\(t—u)du
0

t
Spgpve—(ﬂrpc)t A/e(chr’\(l_pw))“du €
0

A

< P!P,e *P=te,
Pc + A (1 - pw)

Finally, due to Lemma 12,

65— (w0, 0%) = (K + La) [#"] = €5 [0" = 0] (F.11)
<K (Jw* = o[ + [0 = v*])*

<K (P, + P,)* e =",

where the last inequality comes from the inductive assumption. Because p, <

1
27

t

)\]-szt / (bs_u (w”7 U“) _ (lC + IA) [wu] — Con [Uu . U*Ds e—A(t—u)du

0
t

<e M\ / K (P, + PU)2 e~ PApmutiu 2y,

0
1

<e———K (P, + P,) e =l

SeT— e (Py,+ P,)"e €

The result follows from the choice of constants, and, specifically, inequality
(F.8).
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(3) We show that inequality 3 is satisfied strictly at ¢ = t*. By (F.11) and the

inductive assumption, for each u > 0,

I (w®, v*)|| =sup [[by— (", ")

< (JA+I| + |I5]]) Poe?Xe + P.Pe~ (e =t
+ €K (P, + P,)* e *=te,

Thus, because p, < 1,

oM

R L

t
4 / b (w", o) e Dy
0

<(V+ (JA+ )| + [|8]]) Pe + +€K (P + P,)*) e7="e
t
+ A\P.P, / e~ (WAt gy
0

A
< (1 + (|A+I|| + ||k]|) Po + 1+7)\PCPU +eK (P, + pv)2> oty

The result follows from the choice of constants, and, specifically, inequality
(4) We show that inequality 4 is satisfied strictly at ¢ = t*. By Lemma 9 and the

inductive assumption,

o] <R

v? — v*|| 4+ Qpmax e ) ||t — 7).
s<t
<Pe "te + @, P, max e N(t=8) g Aows
s<t

Because \p,, < 71, the latter is not larger than (P, + Q) e *='c. The result

follows from the choice of constants, and, specifically, inequality (F.10).

F.4. Instability .

APPENDIX G. PROOF OF THEOREM 3: LEARNING DYNAMICS

G.1. Approximate predictions. We are going to define an approximation to the

prediction strategies defined in (777). Let w € A be a (continuous) path of actions.



72 MARCIN PESKI AND BALAZS SZENTES

t

For each 7 and each w € Q, define o}, (w;w) and @, (w, w) so to minimize

Ccos

t 2
/ (ws -3 (a;n (w;w) sin (27ws) + al,, (w; w) cos (27rws)>) :
0 wel

Additionally, for each s >t > 0,define a complex generalized actions

t
2 .
E — 327
at ((,u, 'LU) = — (U}O57 - 4Y*) € i2 wsds,

0
wiPP* = Re (at (w; w)) cos (2rws) — Im (at (w; w)) sin (27ws)

= Re (at (w;w) 627”"3) .

Lemma 16. For each § > 0, there exists ts < oo such that for each T > ts,

max [|a” (w; w) — & lmn — ges (Wi w) + dag, (wiw)|| < dmax [|a” (w;w)-

we
Proof. Let F' = {1} U {sin (27w.), cos (2mw.) : w € 2\ {0}} be a finite collection of
functions We show that 0

Let A and & (.) be as in Lemma 12. For each complex generalized action a, compute

AwlPPT / K(t—s) wPPT s
=A(Re(a)cos (2nwt) — Im (a) sin (27wt))

+ / k(t — s) (Re(a) cos (2rws) — Im (a) sin (27ws)) ds
=A (Re (aew’“”t)) + Re / K (t — s) ae™™ds

=Re ((K (w) + 14) aei%‘“t) :

Finally, notice that

/ (Re (aSE (W) egmsw,)) e 2miws g
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¢

2 ) )

n / Re ((K (W) 4+ 14) ae’%“’s) e TS 1 g
0

t

2 . ,
=2 / Re ((K (W) + 14) ae’zms) e s s
0

G.2. Sufficient conditions for stability of the learning dynamics.

Structure of the proof. Suppose that family {K (w) : w € Q} is uniformly stable. We
are going to show that the stationary equilibrium is (£2, A)-stable for sufficiently small
A. Let w™ and v be the dynamics initiated by the initial perturbation w° and v°. A
preliminary result says that the best response dynamics do not grow infinitely quickly.

The proof can be found at the end of this section.

Lemma 17. For each ¢ > 0 and € > 0, there exists €. , > 0 such that if |w® — o*|| +
[0° = v*|| < €y, then ||w' —o*|| + |[v" — v*|| < €., for each t <1 = A"'p. (The €.,
does not depend on \.)

Below, we are going to show that there exists p,e > 0 and P,, ¢ < oo such that if

ng —o*|| + va —v*|| <e, then

< Put™

+ Hvt —v*

Hwt _O_*

for each t > £ = A\~1¢. Together with the above Lemma, this shall conclude the proof
of the stability of the dynamics.
For each t > 0, and each w € (), define

t

af (w) :(1—1-?;&0)/ (wS’E — Oé*) e s ds, and (G.1)
e, (w) =a® () — (K (w) + L) 1 / oF (w)ds| . (G.2)

t
We are going to show that the error term e; (w) is small relative to a” (w). Moreover,

in a sequence of approximations, we are going to show that there exist constants
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pe >0 >0, and ¢, Py, P., Py, Pup, Py < 00 such that if A < A* and wa— o*
< ¢, then for each t > £, each w € Q,

+

Hvt —U*

Constants. We begin with defining the constants. Let v;,e; > 0 and P, Q7 < 0o be
the constants from the first part of Lemma 9. By Lemma 3, there exist constants

P < oo and p > Osuch that for each w and each a € A,
|eX@ra]| < Pe=2" |al]. (G.3)

We assume w.l.o.g. that p < % Let exponentially bounded functions « and ¢ be as
in Lemma 12. Let K < oo be the constant that determines the quality of the second-
order approximation in Lemma 12. It follows from Lemma 12 that there exists a

constant K; < oo such that for each w and v,
16 (w,v) = o[ < Ky (Jw = o™[| + [Jo = v*).

Let P. < oo and p. > 0 be the constants from the definition of the exponentially
bounded function c. Let ||| = sup, ||x ()|
For each t*, let

: ‘fot cos? (2nws) ds — 1

¢
T4 = max —max ‘% J, cos (2mws) ds
t>t* ww eQ\{0}

3 Ug sin? (27ws) ds — %’
|3 fot sin (27ws) ds

H f(f cos (2mw’s) sin (27ws) ds‘ .

9
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Find \*,e > 0, ¢ < o0, and P, ..., Ps < oo such that for each A < \*,

¢ >1, (G.4)
p <1, (G.5)

1
P, >Ry <P I @)+ 11+ 1) ,

w

e (K (Pup+ P)) —— (G.6)

1 A 2
P.>1+4—+ 1=,

F.P,
o 1+ 1—p

S UK () + Lal ((Mb)‘p <3+ Pt Pw11p> b ePuprs p)

w'eN
1 8 1
+2 K (W) + 14 (Pw+1>.
oo i ) Ll = (P
A 9
P, >1+ || |QP,+—PP,+ecK (P,p+ P,)",
sl 101 Pt 5 (Pur + P)
PwPZQPwa
Pv:P1+Q1pw7
1
g, <— . G.7
e =010 (G.7)

(To see that all these inequalities can be satisfied, choose first constants P,, P, Pyp, P,
assuming that P. = 2 and then choose ¢ large enough, and A\ and ¢ small enough so
that P, < 2.) Let t = A'¢. Then for each s > ¢,

. . —t/1 —
eA(S*t)ZlJr)\(s—t)ZlJr)\StA <A¢>21+Sf :%, (G.8)

where the last inequality holds because of (G.4).

It is easy to check that inequalities (1)-(5) hold for ¢ = . The proof that the
inequalities are satisfied for all t > £ follows by a continuous version of induction on
t. Below, we are going to assume that all but one inequality holds for all ¢ < ', and

conclude that the remaining inequality is satisfied strictly at t = £.
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Inequality 1. Notice that (G.2) implies that

t
af (w) = /3_1 exp (K (w) (logt —logs)) (K (w) + 14) es (w) ds + e (w) .
t
(This follows from the uniqueness of the solution to the integral equation (G.2) given

a path of error terms (e; (w)),.) Then, by (G.3) and the inductive assumption,

t A\ P A\ P
E (5 t t
Hat (w)H <P [ s P (t) | K (w) + La|| Pe . eds + P, i) e

t

t
. £\’
=P, | P||K (w)+ L4l t_2pt”/(s)_1+pds + (t) €

t

1 A £\’
SPe PHK(W)"‘]AH*_}‘]. % €<Pa % €.
p

Inequality 2. Because the revision opportunities rive independently across all players,
notice that the average profile of actions played in the population in period s > £ is
equal to
s
wyt — ot = e (=) (wzi - a*) + )\/ (bs,u (wp’“, v“) - a*) e Ay, (G.9)
t
Using the above, we can write

t s

2 .
€t (w) 26% (W) + ; / A / eiu (w) e A=) ga, | e 27w g g

w'eN

+ i/ /\/ (Re (Z (K (w’) + IA) [62 (w’)} e27risw’>) e N6 o | e 2mws gg

w'eQuw'#{w}
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w'eN
u u, B .
3 / acésE (w/) — 10gjp (w/) - (15 (w/) s if ' 7& 0
(W) = |
agf () = Re (af (@), if ' = 0.

02 P s o] )
ey (w) = i/Re ((K (W) + 14) {af (w)} 62ﬂ'isw> 2 (K (1) + L) 1/@? () ds

Next, we are going to provide bounds on terms e (w). The bounds are collected at

the end of this subsection.

(1) Because ||w® — o*|| < € for each s < t and because of the definition of af, we

have

iLE —9mi
b — Oé*) e 27rzwsd8

H@,—.
—~
&
~
|
S RN SN
@
e
—
E
+
| =
ml
>
V)
—
S

(2) Recall that

wPwE _ o = Z aS“i’f (W) sin (27w’ (u + x)) + Z al (w)cos (2rw’ (u+ 1)),
w'eN w'eN

= 3 Re (a7, (o) — iatf (o)) e2005)
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which implies,

(/i * (wp’“’E - a*)) (s —u)

[e.¢]

= / K(s—u—x) {wf’“’E —Oz*} ds

—00

w'eN

— Z Re ((/ K (8 — U — 1‘) [(a?&f (w’) _ w:{f (w/))} 627rw’(u+;vs)d$) e27rw’s)

o0

= > Re (((.F/i) (s —u) {ag(;f (') — ia%P (w/ﬂ) e27riw’s) .

w'eN

(We use the fact that the operator function  (.) is real-valued.) Because of

Lemma 12 and the inductive assumption,

e2, (W) =

w'eN

2
el

AN\ 2p

£\’ t
<P.P,e~ 5% () €+K(Pwp+P@)2<> €
u u

<lewu [ = 0" + K (| = o

t
< (P.Pe™ ™ 4 €K (Pup + P,)?) <u> €.

(3) Using the facts about linear regression and (G.7), one shows that for each
w' € 0\ {0}, each u,

u, B

Qsin

at? (@) = Re (aff ()

() = I (o ()| < emarcfas )]

)

Thus, by the inductive assumption,

Het H < ZEHUJPtE o*

<

An analogous bound holds when w’ = 0.

bs—u, (wp’“, v“) —a* —Re (Z (K (W) + 14) {aggf (W) — iaP (w')} 62’”8‘”')

1
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(4) For each ' € Q,

s

)\/af (W) e A=Wy — aF (W)
i
s i

=\ / (aE (w/) . asE (w/>> e—A(s—u)du Y / y (w/) e—)\(s_u)du’

—00 —0o0

where we take a” (w') = 0 for u < 0. By the definition of a” (&), and by the

inductive assumption, for each f<u<s< t,

a, (W) = a; ()
<5 U o W + L / o
<2 ; “p, <i>pe+i/st (i)ped:c
:i<@_uﬂz+11pgﬁp%kﬂ—@>(iyl

— 1 A
<27 (PaJer) <> €.
s 1—p) \u

A similar calculations for u < < s yield

— 1
gsu@+a+m%.
S 1—0p

a, () —af (W)

< eforeach z < £.) Because\ ffoo (s — u) e Ne=w =

(We use the fact that Haf (W)

T, we get
3 [ (@)~ af @) el < o (24 Pk Pup ) e
u S — (b a w 1 _ p s .
Next,
f A
E (, 1\ p—As—u) ~A(s—1) 2
A oa; (W)e dull <e e < —¢,
s

—00
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where the last inequality comes from (G.8). It follows that

(5) Fix o’ # w. Using the fact that for any complex number Re (z) = 1 (2 +2),

we obtain

t

/Re ((K (W) + 14) [af (w’)} esz) e 2Ts s

&

SN )

t
| -
= (K (w/) + [.A) t/aSE‘ (w/) est(w ﬂJJ)dS
t
t

|1 [ ; '
+ (K (W) + Ly) t/aSE (w/)e—znzs(ww)ds
i

We are going to bound the first term - the second term is bounded analogously.
Let A = w' —w # 0. Then, by the definition of a” (w) and the change of the

variables,
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Notice that ’fj ieQm‘ASds‘ < (% + %) < ﬁ% and that |A] < w+ . The

inductive assumption implies that

A i
et @ <208 @) + 1l g || [ (i a7 e L 1 [ (wp® — at) e
0

t
81 /
<K @)+ Ll 37 | [ ot rdus 1] e

i
81 1.

1 8 1 £\’
< \— / — — - .
_)\qb | K (w') + La| <Pwp +1> (t) €

(6) if w = 0, then €Y (w) = 0. If w # 0, then, applying complex conjugates, we
obtain
t

e (w) ! / ((K (w) + 14) [asE (w)} 62’”3“) e s s — (K (w) + 1)

i

t
1/((185‘@])627%3(4)) 6727riwsds
t t
1/ (W(Ef%risw) e27m'wst] ]

i

+ (K (W) + 14)

=(K (W) + La)

Using the calculations from above, we show that
|ef ()| < AL IK (W) + L] S (pLi d pe.
t ) 2w p t

Combing the bounds together shows that ||e; (w)|| < P. (A)p €.

t
u
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Inequality 5. Notice that

o == f ot -9
=D [t =0
/ A [l (wFe ) = o7

t
By Lemma 12,

Jt2-es. (w.0%) = 7|

2
<Pe =) |jv* —v*|| + ||x]] HwF’S’E — U*H +K (HwF’s — J*H + [|v* — U*H) :

Notice that HwF’S’E — U*H = HasE (w)H By the inductive assumption,

Jt2-os. (w0%) = 7|

NG
< (P.Pye™ ) 4 |[5]| [Q] Pa+ €K (Pup + P,)°%) () €.
s
Hence, because of (G.8),

[t =
t
SeA(tf)€+PCPv//\e e 1e(t=3) gt
i
t o
+ (5]l 192] P + ek (Pwp—l-Py)Q)//\e_’\(t_s) () edt
s
i

A )\ () £\’
<1 Q|P,+——P.P,+¢K (P,p+ P, - <P,[-] e
_< + ||| €] +A+% +eK (Pyp + )><t> € <t> €

Inequality 4. Inequality 4 is satisfied strictly at ¢ = ¢t* due to the inductive assumption,
the definition of w”, the definition of o (w), and inequality (3).
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Inequality 5. By Lemma 9 and the inductive assumption,

0" = || <Py flo —v* [l + @ max e ) |lw® — o7

AN\ P

t
<Pe Ve + O, P, max e (=9 <> €.
s<t S

By inequality (G.8), and because p < 71, the latter is not larger than
NG NG
S(Pl"’@lpw)(t) €<Pv<t> €.

Proof of Lemma 17. Tt is enough to show that ||w! — o*||+||v* — o*|| < Qe (||w® — o*|| + [|v° — o*||)
for some g. The idea of the proof is a simpler version of the argument presented above.

Choose constants P2, P2, P ¢ < oo so that

1
0 0 0
PO <3 K (PSs+P) +1,

Let € = ||w® — o*|| + ||v° — o*||. Let T* be the non-empty set of periods for which at

least one of the below inequalities fail:
(1) fw" = o*|| < Ple™e,

(2) HwF’t — o*|| < PYpette,

(3) |Jvt —v*||< Ple®le.

Let t* = inf T*. If t* = oo, then the result holds. On the contrary, suppose that
t* < o0o. Because of the continuity, all the inequalities are satisfied for all ¢ < ¢*.
We show that each of the inequalities must, in fact, be satisfied strictly. This shall

contradict the choice of t*.
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(1) We show that inequality 1 is satisfied strictly at ¢ = ¢*. By the inductive

assumption,

t

+ /)\e_’\(t_s)

0

ds

Hwt _ 0*

Se_)\t Hwo _ O_*

b (UJF’S, 'US) —o*

t
<e Me+ K/)\e’\(ts) (HwF’S — || + ||v° = U*H) ds
0

¢
<eMe+ K (ng + PB) /)\e_A(t_s)quSeds
0

1
< <q_1K (PS»+P?) + 1) ee < Ppe™e.

(2) Inequality 2 is satisfied strictly at ¢ = t* due to the inductive assumption, the
definition of w!", and the choice of constant P2 .
(3) We show that inequality 3 is satisfied strictly at ¢ = ¢*. By Lemma 9 and the

inductive assumption,

Hvt - U*H <P ||vg —v*|| + Q1 max e M9 |l — 5|,
s<
<P "+ QP max e Mt=s)tr ¢
s<

< (Pl + Q1P3> e™Me < Plete,

G.3. Necessary conditions for stability. We use the following lemma:

Lemma 18. Fix complex ¢ such that Re(¢) > 0. Let y, be a process such that yo = 1

and

t

Y = 1/ (67(#5) + (1 — e*(t*8)> (1+¢) ?/s) ds,

0

The process is well-defined and y; — oo when t — oo.
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Proof. Notice that

t

d 1 1 1
S = = 21z —(t—s) _ —(t=s)
P tyt+t1 t/(e (1+¢)yse )dS
0
t
1 1
= (1+¢)¥ ysds — yy +¥(1—yt). (G.10)
0
Let x;, = t%l (1+¢) fg ysds + tJ%l Then, the pair . and y are the unique solutions
to a system of differential equations
d t+1 d
S = _ d — oz, = 1 _
il ; (zt —y) an PR (1+¢) yr — a)

with the initial condition x; = 3, = 1. For each y, let

Ay) ={y +ay + piy : a > 0}

be the half space of the complex plane bounded away from the circle of radius |y| by
the line tangent to the circle at y. We show that for each t, x; € A(y;). Indeed, if
x =y + wiy € bdA (y), then

x/:y+/3iy+i(¢—5i)ye

t+1
1 1
—y+ Re(@)ey+ (w + o (m(9) = B) ye) iy € intA (y).
It follows that y; — oo when t — oo. O

Suppose that there exists wy € 2 and an eigenvalue of linear operator K (w) with a
strictly positive real part. Let aj € A be the corresponding (complex) eigenvector.

eay, if w=uwp
Chhose small ¢ > 0 and let a (w) = for each w € Q. Define a
0, otherwise

strategy profile

w?, = a* + 2Re (Z ay (w) 62””3)

we

* 2miws

=a" + eaje + eage P8,

(The second equality follows from the properties of complex numbers.) We are going

to show that if X is sufficiently small, then there exists 17 > 0 such that for each ¢ > 0,
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there exists t so that the learning dynamics innitiated by w® and v° = v* diverges to

the distance at least n > 0.
Define af (w) for each w € Q as in (G.1). In order to isolate the effect of small A,

it is convenient to change variables t* := A\t and write a;n = af,. Then, for each w,

lt/\
1 s * —2miws
ap (w) :agﬂ (w) = > / (wo’E — )e 2miws f o
A 0
A
:tj / 67/\8 (wS,E o )6727rzwsd8
0
o
A
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0 0
142
A
:27)\ Z /eAsRe (CL* (w) emes) 6727rzwsds
t we
0
PN
A
5 [ (=) (K @)+ L) o @) ds + e (o)
0
1 ’
L / 0 (w) ds?
we
0
A
1 —(P=5Y)
- (1_6 )(K()+IA)[ ()] ds* + e (W),
0

0
A
€t1>\ (LU) :ti)\ / e—)\s( 5 —47rzws+2 Z CL* —4mi(w’ w)s) dS,
W' #w
0
L1
X
A 4 .
e%( 7;\ / )\/ - : u) . a*) e—/\(s—u) _ (K (w) + IA) {af (w)} p2miws | o —2miws g, 1o
0 0
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Using the approximations from the sufficiency part of the proof of the Theorem, we
can show that for arbitrarily high +** < oo, there exists constant P < oo such that
for sufficiently small 1y > 0 there exists A\* > 0, such that for each t* € [O,t’\*} and
each € < ng, each A < \*,

lag (wo) — ypagll < P (A+m0) [lagll e, and
llap (wo)]] < P (A+mp) ||ag]| € for each w # wy.

We omit the details.
Let

tA

1 _ /\_s/\
e, (w) = e (w) + t’\/ <e (¢ )> (K (w) + 1) [ag (w)] ds™.
0
For any € > 0, we can find sufficiently low A and sufficiently high t** so that if ||a, ||

is increasing (or at least, there exists a constant p > 0 such that |jan|| < pllag] for
each t* < s*, then, using the approximations from the sufficiency part of the proof,

we can show that ||e}|| < € maxs<; |jas|| for all for all .

Let
1 t
T= / (K + 1 40) [ag] ds.
0
Then, because process a; is continuous, process x; is differentiable, and
d 1
gﬂft = ; (K.Z't — K@t) .

Lemma 5 concludes the argument.
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