EQUILIBRIUM PAYOFFS IN STOCHASTIC GAMES WITH
GRADUAL STATE CHANGES

MARCIN PESKI, THOMAS WISEMAN

ABSTRACT. We characterize perfect public equilibrium payoffs in discounted sto-
chastic games with a continuous state space, in the case where the length of the
period shrinks. The probability (conditional on the action profile and the current
state) that the state changes in any given direction is fixed with respect to the

period length, but the magnitude of the change is proportional to the period length.

1. INTRODUCTION

We consider discounted stochastic games with imperfect public monitoring and a
continuous state space, where the magnitude of state transitions are proportional
to the period length. Players’ actions and the current state influence state transi-
tions, and the stage-game payoffs and monitoring technology vary with the state.
We characterize perfect public equilibrium payoffs for short period lengths, holding
the player’s rate of time discounting. In the limit, the discounting between periods
shrinks to zero, but the rate at which the state changes remains fixed. In particular,
the set of equilibrium payoffs typically depends on the initial state, because the state
changes only gradually.

The paper makes two main contributions. First, we present a meaningful definition
of the feasible and individually rational payoff sets in this setting, for each initial state.
To do this, we define the “pseudo-instantaneous payoft” of an action in a given state,
given a function mapping tomorrow’s state to a continuation value, as the sum of the
current stage-game payoff and the expected rate of change in the continuation value
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that the action generates. (That is, an action that yields a high payoff today may
have a lower pseudo-instantaneous payoff than an action that yields a low payoff today
but is more likely to lead to a state with a high continuation value.) We say that a
collection F' = {F(s)}, of available continuation payoffs in each state s is self-feasible
if each payoff in each s can be achieved as the psuedo-instantaneous payoff from some
current action and a continuation payoff function that maps each new state s to a
value in F (s/). The collection is self-individually rational if for each s and each player,
every payoff in F'(s) exceeds the minmax pseudo-instantaneous payoff (again using
continuation payoffs that take values in F'). We define V? as the largest self-feasible
and self-individually rational collection, given per-period discount factor ¢, and show
that for any initial state s, the set of perfect public equilbirium payoffs starting from
s must lie in V7.

The second contribution of the paper is to strengthen the definition of a self-
feasible and self-individually rational collection in a parametrized way, and to show
that the maximal collection satisfying any such strengthened notion is contained in
the equilibrium set for high enough § (that is, for short enough period lengths.) That
result requires that Fudenberg, Levine, and Maskin’s (1994) “FLM” conditions on
public monitoring hold uniformly across states. We also show that for any fixed 9,
the maximal collection under a strengthened notion converges (as we “weaken” the
strengthening) to the maximal collection under the original definition, for generic
games. In that sense, the upper and lower bounds on the equilibrium set approach
each other.

Stochastic games relax the strong restriction in repeated games that the conditions
under which players interact in one period are independent of outcomes in previous
periods. In many important economic examples of such settings, players can adjust
their actions frequently, while the state changes only gradually. For instance, com-
peting oligopolists may set prices daily, while market demand depends on slow shifts
in the macroeconomy. Similarly, firms can adjust advertising expenditures quickly,
but brand awareness changes slowly. Another example is natural resource depletion:
the owners of fishing boats can decide every day whether or not to go out, and each

such decision has only a very small effect on the current future stock of fish.
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Relatively little previous work on stochastic games has focused on this case. In-
stead, much of the literature has examined an alternative limiting case, with a finite
state space: fix the period length (and transition rates), and let players become very
patient. In that case, the discounted time to transition between states shrinks to
zero. Dutta (1995) derives a perfect-monitoring folk theorem for that environment;
Fudenberg and Yamamoto (2011), and Horner et al. (2011) extend that result to
imperfect monitoring. All three results require, in contrast to the setting here, that
the set of PPE payoffs be independent of the initial state as the discount factor o
approaches 1. To guarantee that independence, those authors use the condition that
no single player can prevent the Markov process governing the state from being ir-
reducible. We do not assume irreducibility, because, as we mention above, in our
model the set of equilibrium payoffs typically depends on the initial state regardless.
Without irreducibility, we can allow, for example, individual firms to go bankrupt
and permanently exit the game.

The paper most closely related to this one is Peski and Wiseman (forthcoming).
There, the state space is finite (or countably infinite), and the probability of state
transition is proportional to the period length. That is, there transitions of fixed
magnitude occur with probabilities proportional to the period length, while here
transitions whose magnitude is proportional to the period length occur with fixed
probabilities. In both cases the rate of time preference is fixed. For the limiting
case as period length shrinks, Peski and Wiseman (forthcoming) obtain a somewhat
sharper characterization of equilibrium payoffs than we provide here. We discuss the
difference in Section 4.2.

The rest of the paper is organized as follows: we describe the model in Section 2. In
Section 3 we define pseudo-instantaneous payoffs, self-feasibility and self-individual
rationality, and the strengthened versions of those concepts, and we present a simple
example of how to compute the maximal self-feasible and self-individually rational
payoff collection. We present our two main theorems in Section 4, and Section 5 is

the conclusion.
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2. MODEL

2.1. Stochastic games with a continuous state space. There are N expected-
utility maximizing players playing an infinite-horizon stochastic game. The time
between periods is given by A > 0, and all players discount the future at rate r > 0,
so that the per-period discount rate is e™™® = §. We will consider the case that the
time between periods shrinks to zero, so that the length of a period is proportional
to 1 — 4. The set of stage-game action profiles is A = A; x Ay X --- X Ay, where A;
is the set of actions for player i. After each period, players observe a public signal of
actions, y, drawn from a finite set Y.

There is a K-dimensional set S of states of the world; S is a closed, bounded, convex
subset of REX. (The value of K is described below.) At the end of each period, the
state changes randomly. There is a finite set Z of K-dimensional vectors representing
possible state changes (both direction and magnitude). The function ® : S — R
(also described below) maps each state s to a vector that specifies, for each action
profile, the resulting probabilities of each public signal and state change, as well as
the vector of payoffs for each action profile-public signal pair.

At the start of each period, the state s is publicly observed. Then each player i
chooses an action a; € A;, and then all players observe the public signal y. In state s,
the public signal is distributed according to py (a, s), where a is the profile of actions
of all players.

Player i’s payoff in state s when action a is played and signal y occurs is u; (a, y, $);

let g;(a, s) be player i’s expected payoff when action profile a is played in state s:

gila,s) =3 [py (a,5) (v)]ui (a,y,s).

yey

Denote by g(a,s) the vector of expected payoffs for each player. We assume that
the payoffs are uniformly bounded by M = max, s [|g(a, s)|| < co (where ||-|| denotes
the Euclidean norm). It will be convenient to work directly with the expected payoff
function g(a, s) rather than with u; (a,y, s).

When action profile a is played in state s, the probability that state change z € Z
is drawn is pz (a, s) [2], and next period’s state is then s + (1 — §)z. That is, the
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magnitude of the state transition is proportional to the length of the period. Let
Zmaz = MaX,cz ||2]] < 00.

Let p(a,s) denote the joint distribution over public signal-state change pairs. Let
m; denote the number of actions available to player i (m; = #A4;), my the number
of public signals in Y, and my the number of state changes in Z. Then ®(s) =
(p(-,8),g(-,s)). That is, for each state, ® specifies an element of (A(Y x Z))#4 x
(RN)#A, so K is equal to (my -myz — 1+ N) - #A.

To summarize, a game consists of a set of N players; a collection (S, A,Y, Z) of
states, action profiles, public signals, and state changes; the mapping ® from states
to the parameters (including transition probabilities) of the stage game; an initial
state sop € S; and 6.

All these definitions extend in a natural way to mixed actions. This structure is
common knowledge. We assume that a public randomization device is available to
the players.

The set of public histories in period t is equal to H, = Y= ! x Zt=! x St with
element hy = (S1,91,21,---,Yi—1,2-1,St), where s, denotes the state at the begin-
ning of period ¢, and y; and z; denote the public signal and state change, respec-
tively, realized at the end of period ¢t. Player i’s private history in period t is
hi = (s1,Y1,21,@i 15+, Yi—1, i 41, 211, S¢), Where a;; is player i’s action in period
t; Hy = (Y x Z x A;)'! x S" is the set of such private histories. Define H = Uy, H;
and H' = U, H]. For any history hy, let s(h;) = s; denote the current state.

A strategy for player 7 is a mapping «; : H* — AA; (s (h!)), and a public strategy
for player i is a mapping o; : H — AA; (s(h)). Let ; and ¥F, respectively, denote
the set of strategies and the set of public strategies for player ¢; let ¥ and 2* denote
the sets of strategy profiles and of public strategy profiles, respectively. Given per-
period discount factor 0 < 1, a profile of strategies a € X, and an initial state s € .S,

the vector of expected payoffs in the dynamic game is given by
v’ (a,8) = (1-9) E). 0" 1g (ar, 51)
t=1

where the expectation is taken with respect to the distribution over actions and states

induced by the strategy o and initial state s. For each public strategy o € ¥ and
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public history A € H, the continuation payoffs v° (o, h) are calculated in the usual
way.

Given ¢ < 1, define the (convex hull of the) set of feasible payoffs in initial state s,

V(s), as
Vo(s) = co {v5 (0,8):0 € ZP}.
Note that the set of feasible payofts ‘75(8) varies with the state even in the limit as §
approaches 1 (that is, as the time between actions shrinks to 0): the payoffs to the
stage game vary with the state, and both the discount rate and the rate at which the
state changes are fixed per unit of time as § grows. The set V‘S(s) is not, in general,
equal to the set of feasible payoffs for the stage game in state s.

A public perfect equilibrium in a game with per-period discount factor ¢ and initial
state s is a strategy profile o such that for each public history h with s; = s, each
player 4, and each strategy o/ of players i, v (o,h) > v? (o},0_;,h). Let E’(s) be
the set of payoffs obtained in public perfect equilibria of the game, given ¢ and initial

state s. In most of this paper, “equilibrium” means public perfect equilibrium.

2.2. Identifiability. The definitions of individual full rank and pairwise full rank,
conditions relating to the identifiability of players’ actions from public information,
are the same as in FLM, except that the public information here includes both the
public signal y and the state change z (as in Horner et al. (2011)). Recall that m; is
the number of actions available to player i, my is the number of public signals, and
my is the number of stage changes. For each state s, player ¢, and (mixed) action
profile a, let II; (o, s) be the m; x (mz x my) matrix whose rows correspond to the
probability distribution over (public signal, state change) pairs induced by each of
player i’s actions, given s and a_;: II; (a, s) = p ((+,a—;) , s) . Similarly, for each state
s and action profile «, let I;; (o, s) be the (m; + m;)x(mz x my) matrix whose first
m; rows are II; (o, s) and whose last m; rows are II; (a, s).

Action profile o has individual full rank in state s if II; (o, s) has rank m; for
each player 7. Action profile a has pairwise full rank for players 7 and j in state s
if I1;; (v, s) has rank m; + m; — 1. If an action profile a has individual full rank,

then any player i’s actions are distinguishable probabilistically (given that the other
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players are playing a_;). If @ has pairwise full rank for 7 and j, then deviations from
a by player i are distinguishable from player j’s deviations.

Horner et al’s (2011) identifiability requirements are based on those full-rank con-
ditions. In order to ensure that the rank conditions hold uniformly over all states, we
require some more notation (introduced in Peski and Wiseman (forthcoming)).

Let M,,; be the set of £ x [ matrices, and let M; be the set of square [-matrices.
Given j < k,l and matrices A € My, and B € M, we write B C A if matrix B can
be obtained from A by crossing out k — j rows and [ — j columns. Let

dj (A) = {BEE?:}];QA} |det B .
Thus, d; (A) > 0 if and only if the rank of matrix A is not smaller than j. Individual
full rank for action « in state s is equivalent to the condition d,,, (Il; (o, s)) > 0 for
each player ¢, and pairwise full rank for players ¢ and j is equivalent to the condition
Apym;—1 (Il (o, 8)) > 0.

Given scalar d > 0, say that action « has individual d-rank in state s if d,,, (I1; (v, $))
d for each player ¢. Similarly, say that « has pairwise d-rank for players ¢ and j in
state s if dyy,m;—1 (15 (@, 5)) > d.

With those definitions, we can state the identifiability condition on the monitoring

structure:

Definition 1. Identifiability Condition: There exists d > 0 such that for each state
57
(1) every pure action profile has individual d-rank in state s,

(2) for each pair of players ¢ and j, there exists a profile a(s) that has pairwise

d-rank for 7 and j in state s.

Our identifiability condition is an extension of Horner et al’s (2011) Assumptions

F1 and F2 to an infinite state space.

2.3. Examples. In the first example, we consider a repeated Cournot oligopoly where

a firm’s costs depend on its capital stock.

>
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Example 1. There are N firms, and each firm can produce either high output ¢’or
low output ¢*. A firm also chooses its level of capital investment, zor 2*. The

per-period profits of firm ¢ are equal to
@GP (qu+ ... +qn) — ci (g, ki) — 4,

where k; € |0, l%l] is firm 4’s publicly observed capital stock. Its evolution depends
on the investment z; and on the current stock. In particular, capital may increase
by a lot, increase a little, stay the same, decrease a little, or decrease a lot: Z =
{—2A,—-A,0,A,2A}. The probability that next period’s capital stock is k; 4+ (1 —9)z
is equal to p% (z;,k;) [2] > 0 for 2 € Z, where p), (xH ,ki> first-order stochastically

dominates p%, (a:L , k:,) for all ¢ and all k;. Firms’ capital stocks evolve independently

of each other: pz (z,5) [21,...,2x5] = IL py (i, k;) [2].

The second example is a reciprocal effort game with two players. At each extreme

state, one player is able to do a favor for the other, generating 7 units of utility
at a cost of 1 unit of utility to himself. The payoffs at intermediate states are the
weighted averages of those at the extremes. Total payoffs are maximized when both
players do favors. Because of the simple structure of monitoring, transition rates, and

stage-game payoffs in this example, we can reduce the state space to one dimension.

Example 2. There are two players, and each player has two actions available in
the stage game, 1 (corresponding to exerting effort) and 0 (no effort). Monitoring
is perfect. The state space is the unit interval, and the space of possible transitions
is Z = {—1,0,1}. Transition probabilities are independent of actions: p(a,s)[1]
= p(a,s)[—1] = 3 for all @ and all s € (0,1). At the extreme states, p(a,1)[1] =
p(a,0)[-1] = 0 and p(a,1)[-1] = p(a,0)[—1] = 3. Stage-game payoffs are linear in

the state s and are given by

0 1 0 1 0 1
0| 0,0 | 0,0 | 00,0 |7,—1 . 0 0,0 78, —S$
) , and, in general,
—-1,7|-1,7/1]0,07,—1 1ls—1,71—s) |8 —1,7—38s

State s =0 State s =1 State s
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We will return to Example 2 in Section 3.3.

Finally, in a standard repeated game, play never leaves the initial state.

Example 3. We say that a stochastic game is a (standard) repeated game if for each

state s € S and each action profile a € A, pz(a,s)(0) = 1.

3. CHARACTERIZING PAYOFFS

As a preliminary, we define pseudo-instantaneous payoffs, a piece of notation that
is useful in capturing the effects that an action profile has on both today’s payoft and
expected continuation payoffs (through influencing transition rates).! In particular,
using pseudo-instantaneous payoffs will be convenient because both the magnitude of
a state transition and the weight on today’s payoff in overall utility are proportional
to1—94.

3.1. Pseudo-instantaneous payoffs. Let u : S — RY specify a vector of continua-

tion payoffs, as a function of next period’s state. For each such u, state s, and action

profile a, we define a vector of payoffs

(s+ (1 =10)z) —u(s)
1—90 '

W (a,s,u) = g(a,8) + 65 ps(a,s) [2]

z2€Z

(3.1)

We refer to v°(a, s, u) as the pseudo-instantaneous payoff from playing action profile
a in state s, given continuation payoff function u. To motivate this construction, let
state s be given, and choose any mapping u from S\ {s} to RY. Let v denote the
expected payoff in state s from playing the same profile a in each period until the state
changes, followed by continuation payoffs specified by u. Complete the definition of
u by setting u(s) = v. Then v is exactly equal to 1’ (a, s, u):

v=(1-9)g(a,s)+0 <Z§Opz (a,s)[zJu(s + (1 — 6)2)) +dpz (a, s) [0v

=

v=g(a,s)+9¢ ZZpZ (a,s) [Z]W =° (a, s, u).
ze

IThese pseudo-instantaneous payoffs are similar in spirit to those in Peski and Wiseman (forth-

coming), which have the same name but a somewhat different definition.
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More generally, we can represent the expected payoff from playing profile a for
one period, given continuation payoffs u, as a convex combination of the pseudo-
instantaneous payoff and u(s)

(1010055 (X oz (0.8) s + (1 - )2))

z€Z

= (1 —6)¢° (a, s,u) + du(s).

Observe that for ¢ close to 1, the pseudo-instantaneous payoff is roughly the stage-
game payoff plus the expected derivative of continuation payoffs. Since the magnitude
of the state change is proportional to (1 — §), the expected change in continuation
payoffs is proportional to (1 — §)times that derivative. The weight on the stage-game
payoff also is (1—9), so the pseudo-instantaneous payoff allows us to combine to payoff
effects of the same order. We use pseudo-instantaneous payoffs in characterizing

equilibrium payoffs.

3.2. Feasible and individually rational payoffs. Define a collection of payoff sets
F as a correspondence mapping each state s € S into [—M, M ]N. (Recall that M
is the maximal length of any stage-game payoff vector.) For each state s and payoff
vector v € F(s), let Up,, denote the set of functions u from S to [—M, M]N such
that i) u(s) = v, and ii) u(s’) € F(s') for all §'. Say that collection F'is self-0-feasible
for 6 < 1 if for each s,

F(s) Cco {v cv =0 (a,s,u) for some a € A(s),u € UFM,} :

Self-0-feasibility means that each payoff in F' (s) can be generated as the expected
payoff from some action profile in the state-s stage game followed by continuation
payoffs that belong to collection F'. The definition has a fixed point flavor.

For each player 7 and 0 < 1, define the d-minmax payoff relative to F for player ¢
In state s as

Say that the collection F'is self-0-individually rational if for each state s, player 7,
and v € F (s), v; > €2 (s; F).

The (straightforward) proof of the following claim is in Appendix A:
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Remark 1. The collection of feasible payoffs Vo = {V5(3)} is self-o-feasible, and
the collection of equilibrium payoffs E? is both self-6-feasible and self-d-individually

rational.

Note that self-d-feasibility and self-d-individually rationality together imply an ex
post notion of individual rationality: each payoff above the minmax payoffs can be
generated using continuation payoffs that are themselves above the minmax levels.

Next, we define stronger versions of these concepts to be used in constructing
equilibria. Let B(v,€) denote the closed ball centered at v with radius € > 0. Given
aset V,let B(V,e) = gVB(v, €) denote the closed e-neighborhood of V. For any

constant C' > 0, let Uf, denote the set of functions u from S to [-M, M ] such that
for all s’ (including state s), i) u(s') € F(s), and ii) [Ju(s) —u(s)|| < & s — 5|
Extending the definition for C' = 0, define U%S as the set of functions v from S to
[—M, M]™ such that u(s’) € F(s') for all s (including state ).

For 0 <1, C' >0, € >0, and d > 0, say that collection F'is self-0, C, €, d-feasible if

for each s,

B(F(s),(1—=4)) Cco {v cv = (1 -8’ (o, s,u) + du(s) for some a € A%(s),u € Ugs} :

where A%(s) denotes the set of action profiles that have pairwise d-rank for all players
7 and j in state s.

Similarly, define the 9, C, d-minmazx payoff relative to F for player ¢ in state s,
7% (s: F), as follows. Let Ai(s,d) C X ;2AA; denote the set of (independently
mixed) strategy profiles a_; for players j # i such that for any a; € A;, the profile
(a;, a—;) has individual d-rank in state s for each player j # i. Then define

W= {ma(1 = )6 (@i, 02) 5,0) + bui(s) |

Say that collection F'is self-d, C| €, d-individually rational if for each state s, player
i,and v € F (s), v; > €29 (s; F) + (1 — §)e. For brevity, we will say that a collection
is self-0, C, e, d-FIR if it is self-0, C, €, d-feasible and self-d, C, €, d-individually rational.
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In words, a collection is self-0, C, ¢, d-FIR if for each state s, every payoff close
(within (1 — d)e) to F(s) can be attained as the weighted average of a pseudo-
instantaneous payoff (from an action « and a continuation payoff function u with
values in F') and u(s), where o must have pairwise d-rank for all pairs of players and
u must not vary too much with the state (no more than % times the distance be-
tween the states). In Section 4 and Appendix C.2, we highlight the roles that strictly
positive values of C', €, and d play in the proof of Theorem 1. In Section 4.2, we dis-
cuss how much we lose (in terms of describing equilibrium payoffs) when we require
self-0, C €, d-FIR payoffs for small C', €, and d, relative to the set of self-9, 0,0, 0-FIR
payoffs.

The following lemma shows that for any non-negative C, ¢, and d, there is a largest
self-0, C' €, d-FIR collection. It also shows that the largest self-9, 0, 0, 0-FIR collection
is exactly the largest self-6-FIR collection. (Proofs are in the appendix.)

Lemma 1. (1) For each 6 <1,¢ >0, C >0, and d > 0, there exists the largest
collection V& 4 such that V44 (s) C [-M, MY for each s € S and Viea is
self-0,C e, d-FIR.

(2) Each V3 4 (s) is compact and convex.
(3) Voo is equivalent to the largest collection V° such that V° (s) C [—M, MY
for each s € S and V?° is self-6-FIR.

We will refer to elements of V{_,(s) and V°(s) as self-, C, ¢, d-FIR payoffs and
self-0-FIR payoffs, respectively, in state s.

We know from Remark 1 that E° (s) C V), (s) for each state s. That result implies
that each V(fo,o (s) is nonempty, because the arguments of Mertens and Parthasarathy
(1987, 1991) and Solan (1998) ensure that a PPE exists.

3.3. Example. In this section, we return to Example 2 and demonstrate how to
calculate the collections of feasible payoffs V2 and self-0-FIR payoffs V. To simplify
the calculations, consider the case where the period length is % (1-6d=0= %) and
the initial state so € {0, %, 1} - those three states are thus the only ones that are
reachable.
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First, we compute the set of feasible payoffs for each initial state, V%(s). Those
sets are spanned by the payoffs from Markov strategies (that is, those where a player’s
action depends only on the current state). There are 64 pure Markov strategies (2
actions per player in each of the three reachable states), but since player 2’s action is
irrelevant in state 0, and player 1’s is irrelevant in state 1, there are effectively only 16
combinations. From those, it can be shown that the extreme payoffs are generated by
the following four profiles: a'' = a;(s) = as(s) = 1 Vs, a® = a1(s) = as(s) = 0 Vs,
a'® = a;(s) = 1,as(s) = 0 Vs, and a®* = a1(s) = 0,as(s) = 1 Vs. (Recall that total
payoffs are maximized when both players exert effort.) The sets of feasible payoffs

from each intitial state are thus

V2(0) = c0{(0,6),(0,0), (F,65). (5. 5}
Xi/%(%) co{(?), , (0, ,(%,%)7(57%)},
Vi) = co{(6,0),(0,0), (3 1) (613}

For instance, the payofts v%(an, s) are found by solving the following three equa-

tions:
vHa0) = 3o((1L1),0)+ 3 [foF(a", )+ 3o, 0)
o, 3) = F9((1,1),5) + 3 [§u? (@', 3) + §v3(a",0) + Jui(a', 1)]
Va1 = (LD, D) +  [Jore D) + 2ot ).

Next, we can derive the the self-6-FIR payoffs, V3 (s). Note that a player can
guarantee himself a payoff of 0 by never exerting effort, so V3 (s) cannot be greater
than the positive quadrant of the feasible set V2 (s). We can show that V2 (s) is in
fact equal to that upper bound:

V%(S :O) = CO{(O,6),(0,0)7(%0)},
Vi(s=1) = co{(3, 3),(0,0),(;175)’(%7_71)}7
V%(Szl) = CO{(67())’(070)7(072%(6%’%)}'

Consider, for example, the payoffs (0,6) in state 0. (6,0) equals the pseudo-
instantaneous payoff in state 0 from stage-game action (1,1) and the continuation
payoff function u(0) = (0,6) and u(3) = (3,3). (Since state 1 is not reachable from
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state 0, the value u(1) is irrelevant.)

N|=

¥

((1,1),0,u) = (=1,7) +; B((?”?’) - (0’6))1 = (0,6).

2

Thus, (6,0) is %-feasible with respect to V3. To see that it is %—individually rational,
note that ei% (s; V%) = 0 for each player in each state: a player can guarantee himself
at least 0 in the stage game, and (0,0) is available in V2 (s) for each reachable state
s'. Similar constructions yield the other payoffs in 1% (0) and all the payoffs in 1% (%)

and Vz(1).

4. EQUILIBRIUM PAYOFFS FOR LARGE §

In this section, we show that when the Identifiability Condition holds, then for any
C,e,d > 0, any self-6, C, €, d-FIR payoff at state s can be attained in a perfect public
equilibrium from initial state s for sufficiently high 9: VC‘S’E’d is contained in E°. The
proof of that result is based on techniques in the proof of FLM’s folk theorem for
repeated games with imperfect public monitoring.

FLM’s folk theorem r4equires that the set of feasible and individually rational pay-
offs have nonempty interior. The role of that condition is to guarantee that after
any history, it is possible to provide incentives by constructing continuation payoffs
that lie in any direction from the target payoffs. Here, that full dimensionality is
implied by the definition of Vg’eyd: self-C, 9, €, d-feasibility means that for any pay-
off v € Vg’e’d (s), payoffs near v can be generated by some action profile and some

continuation payoffs in V2 _,.

Theorem 1. Suppose that the Identifiability Condition holds. Then for each C > 0,
€ >0, and d > 0, there exists 0* < 1 such that Vi 4(s0) C E° (so) for any initial
state so and any 6 > oF.

4.1. Proof of Theorem 1. FLM’s proof shows that any smooth set of payoffs W
strictly in the interior of the feasible and individually rational set can be attained in
equilibrium. A key step is to show that any payoff on the boundary of W can be
achieved as the weighted average of a stage-game payoff in the current period that

lies outside W (thus the requirement that W is strictly in the interior of the feasible
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set) and expected continuation payoffs that lie in W. Here, we want to do something
similar, with pseudo-instantaneous payoffs taking the place of the stage-game payoffs.
For € > 0, the self-C ¢, €, d-feasibility of Vg@d ensures that for each state s, there is a
pseudo-instantancous payoff outside V¢ 4 (s) in each direction.

Another key step in FLM’s proof is to construct continuation payoffs that make
players indifferent among all their actions (and thus willing to play the equilibrium
action). Here, when C' > 0 and d > 0, we can ensure that those continuations payoffs
are close enough to each other that they can be made to lie within V& _, (s/) for each
possible “tomorrow’s” state s. The intuition, roughly, is that the more detectable
deviations are (higher d), the less variation in continuation payoffs is needed to deter
deviations. And the less continuation payoffs vary with the state (higher C'), the less
tempted a player is to deviate in a way that increases the probability of transitioning
to a state where continuation payoffs are high. (See Corollary 1 and Lemma 4.)

Given a state s, let V' C RY be a set of payoffs, and let W = {W (s/>}s, , Where
each W (s/) C RY, be a collection of payoff sets. Extending FLM and Abreu, Pearce,
and Stacchetti (1986, 1990), we say that V is decomposable with respect to § and
W in state s if for each v € V, there exist a mixed action profile o and a function
w:Y xZ — [—M, M]" satisfying w(y, z) € W(s+ (1—0)z) such that for each player

7 and each action a; € A;,

v; =(1—=10)g; (a,s) + (5( )z: pla, )y, zJw; (y, z) (4.1)
>(1=0)gi ((ai,a),8) +0 > pllas; az), s)ly, zwi (y, ) -
(y,2)€EY xZ

Expression 4.1 says that i) playing profile «v in state s, followed by continuation payoffs
w(y, z) that depend on the realized public signal and state change, yields expected
payoff v, and that ii) given those continuation payoffs, playing « is optimal for all
players.

The proof of Theorem 1 relies on the following lemma. Recall that B (V,e) is the
closed e-neighborhood of the set V.

Lemma 2. Suppose that the Identifiability Condition holds. Then for each C' > 0, € >
0, and d > 0, there exists 0* < 1 such that for each state s, each 6 > 0%, and each v* €
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nge,d (s), the set B (v*,€) is decomposable with respect to {B (V&Qe,d (s/) ,e)} s and

0 in state s.

A key feature of Lemma 2 is that for any e, there is a single 0* that works in every
state. That uniformity allows us to cover the infinite state space. Using Lemma 2,

we can complete the proof of Theorem 1.

Proof of Theorem 1. Lemma 2 shows that the collection of payoff sets {B (Vg’zgd (s), e) }SES
is “self-decomposable” for high enough d, in the sense that each B (VC‘{QE’d (s) ,e) is
decomposable with respect to ¢ and the collection {B (Vg%d (s') ’€>}s’es . Lemma
1 shows that each VJ,,(s) is compact and convex, so each B (nggd (s) ,6) is as
well. An argument analogous to the second paragraph of FLM’s proof of Lemma 4.2

establishes the result. O

4.2. Approximating E°(s). Theorem 1 establishes that for any C,e,d > 0, every
payoff in Vg}e’d (so) can be achieved in PPE if § is large. Combining that result with

Remark 1, we see that for large 9,
Véea(s0) € E° (50) € Voo (s0) -

(Recall that s is the initial state.) That is, we have both an upper bound and a
lower bound on the equilibrium set. Next, we show that as C, €, and d shrink to zero,
Ve (s0) converges to Vi, (so) for generic games. We define generic as follows:

Given the sets of players, actions, state changes, and public signals, the period
length, and the initial state, a game G can be identified as ® = (p, g), a pair of
functions specifying, for each state and action profile, firstly the distribution over
state changes and public signals, and secondly the stage-game payoffs. Let G be the
space of games. We measure the distance between two games G, G C G using the
supremum norm:

!

(a,9)[y, 2|,

D(G,G) = sup max (‘p(a, S)ly,zl—p

a787y7Z7Z

gi(a,s) — g;(a, S)D )

Let Gy C G be the class of games that satisfy the following uniform version of the
interiority condition: there exists e > 0 such that for each state s, B (v,€) C Vi, (s)

for some v € RY. We say that a claim holds for generic games G € Gy if there exists
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a subset G’ C Gy such that i) the claim holds for each game G € G’ and ii) G\ G’ is of
the first category with respect to Go.? (Observe that failure of the uniform interiority
condition is not generic in G: any game G such that the transition rate is zero for all
actions in all states, and such that the stage game in each state has a feasible and
individually rational payoff set with full dimension, satisfies the condition, as does an
open set around G.)

The following theorem describes the limiting behavior of V{4 (so).
Theorem 2. If the Identifiability Condition holds, then for generic G € Gy,

. . ) )
gfgdglg CIVC,e,d(SO) = ‘/()70,0(30)-

Note that Theorems 1 and 2 together do not quite fully characterize equilibrium
payoffs in the limit as the period length shrinks to zero. The gap arises because
Theorem 1 shows that for any fixed C,¢,d > 0, the equilibrium set contains V&, (so)
for 6 close enough to 1, while Theorem 2 shows that for a fized 0, V&, 4 (so) converges
(generically) to Vi (s0) as C, €, and d shrink to zero. This difference leaves open the
possibility that for any fixed C,e,d > 0, V{4 (so) may be a strict subset of Vi ¢ (s0)
for large 0.

Peski and Wiseman (forthcoming) give a (generically) complete characterization of
limit equilibrium payoffs for the case where transition probabilities (across a count-
able state space) are proportional to the period length. The technical difficulty of
extending that result - roughly, to show that Vcé,e,d converges to a limit Vi, as §
grows, and that V¢ ; converges to V(' as C, €, and d shrink - is that here the set
of states accessible from any given initial state varies with §. Thus, even if the payoff
sets in every other state converge (as ¢ grows or C, €, and d shrink), there is no
guarantee that the self-9, C| e, d-FIR payoff set at state s will converge. That problem
persists even if Vg»eyd(s) is upper hemicontinuous in the state s.

What sort of restriction on the parameters of the dynamic game will allow a com-

plete characterization of E° for high § is an open question.

2A subset X of a topological space Y is of the first category, or meager, if it is the union of

countably many nowhere dense subsets of Y.
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5. SUMMARY AND DISCUSSION

This paper characterizes PPE payoffs of stochastic games with a continuous state
space and imperfect public monitoring in the limit when there is little time between
periods, when the magnitude of state transitions is proportional to the period length.
We provide upper and lower bounds for the equilibrium payoff set, and describe how
the gap between those bounds shrinks.

In deriving our results, we define pseudo-instantaneous payoffs. We hope that that
tool, which captures the effect of current actions on both today’s payoftf and future
continuation values, will be useful to applied modelers in industrial organization and
macroeconomics.

The bounds on the equilibrium set that we obtain (V° and VCS,e,d) are defined
implicitly as the maximal fixed points of particular correspondences, rather than
explicitly constructed. For that reason, we do not have a clear understanding of the
link between the parameters of the dynamic game (stage-game payoffs and transition
rates) and the properties of the equilibrium set. Exploring that issue is a topic for

future research.

APPENDIX A. PROOF OF REMARK 1

Proof. Pick any nonzero vector A € RY . For each state s, let v*(s) € argmaxvef/g(s)/\-
v, and let 0*(s) € BF be a strategy that yields payoff v*(s) from initial state s.
Strategy o*(s) induces mappings w : Y xS — [—M, M]" that specify the continuation
payoff w(y, s') € V6(S/) if public signal y is observed in period 1 and the state in period
2 is 5. Strategy o (s) also specifies the (mixed) action profile a* to be played in the
first period. Then

A-vr(s) = )\-(1—5)g(a)‘,s)
+A- 5y€YZzEZp (o/\, 3) ly, zlw(y, s+ (1 —9)z)

A-(1=0)g (a)‘, S) +X-0Y pz (oz)‘,s) [2]vM (s + (1 —6)z),

z2€Z

IN
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where the inequality is implied by the definition of v*(-). It follows that

AvrMs) < A-g (Oz}‘,s)
A5 py (o/‘, s) 2] {UA(S +(1=0)z) —v s+ (1 — 5)2)]

z2€Z

= X (o/\,s,v)‘) ,

Thus, X - v*(s) < ml?gc))\ )0 (a, s, v’\> for all A\, and so we conclude that
acA(s

V(s) C co {Ws (a,s,u) :a € A(s) and Fv € V(s) s.t. u e U‘75757v} ;

that is, V? is self-d-feasible.

An analogous argument establishes that E° is self--feasible. To see that E° is
self-0-individually rational, note that because a PPE strategy must specify, after any
deviation, continuation payoffs that are themselves PPE payoffs, player ¢ would have
a profitable deviation from a strategy that did not give him a payoff of at least
€9 (s; E‘S) starting from state s. U

APPENDIX B. PROOF OF LEMMA 1

Proof. The first claim follows from the fact that if F' and G are any two self-0, C, €, d-
FIR collections, then their union F' U G is also self-9, C, ¢, d-FIR. Since, further, the
convex hull of F', coF = {coF (s)},, and the closure of F, clF' = {clF (s)},, are
self-0, C, €, d-FIR collections, the second claim holds.

For the third claim, the existence of V? follows from the argument establishing the
first claim. To see that V° C V{,, note that for any s and any v € V°(s), there
exist an action profile a and a function v € Uys g, such that v = V° (o, s,u). By the
definition of Uys ,,, u(s) = v . Thus, v = (1 — §)¢° (o, s,u) + du(s). Since, further,
Uys s C U‘%’s, we conclude that v is §,0,0, O-feasible with respect to V. To see
that v is 4,0, 0, O-individually rational with respect to V°, note that (again because
Uys s C U‘%s) for each player ¢ and state s, the §, 0, 0-minmax payoff relative to V2,
200 (s; V5>, is at most (1 — §)e? (s; V5> +0 min wu,(s). Because u(s) = v € Vo(s)

ueVo(s)
and @ng (o, s,u) =v; > ef (s; V5>, we conclude that

v, =(1-— 5)¢f (ar, s,u) + duy(s) > (1 — 5)6? (3; V‘5> + 0 min wu(s) > 00 (s; V‘S) .

u€V9(s) !
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Next we show that Vi), y € V°. Choose any state s and any unit vector A. Let F°(s)
denote the set of payoffs that are d-feasible with respect to Vi, in state s. We will
demonstrate that V(fo,o C F. Letv € ArgMmax ¢ ps(5) A0 and vy € argmaxvevo%’o(s))\-v
denote the extreme points of F° and Vo(fo,m respectively, in direction A\. Note that
because vy € Vio(s), there exist an action profile o and a function u € U‘(}O{O’O’S
such that v} = (1 — 6)yY° (a, s,u) + du(s). Define a(s') by i(s) = ¥° (o, s,u) and
(s") = u(s') for &' # s. Then 4 € UVO‘fo,O,s,w‘*(a,s,u)’ and so ¥’ (a, 5,1) € F°(s). A few
steps of algebra yield v} = (1 — dpy (a, s) [0]) ¥° (, 5,4) + dpz (, s) [0]u(s). Then

Av) = (1—6pg (a,8)[0)) X -2 (a, 8, 0) + Spg (a, 8) [O]N - u(s)
< (1—0dpz (e, s) [0]) A~ v* +dpz (o, 5) [0]A - vy

the inequality holds because ¢° (v, s,4) € F°(s) and u(s) € Vi o(s). It follows that
A-vg < A0t so Voo € F°. Finally, a similar argument shows that e (s; V5) <
6;5,0,0 (s; V‘5> for each player 7 and state s, so for any v € ‘/0%70(5), v is d-individually

rational with respect to Vi ,(s) in state s. O

APPENDIX C. PROOF OF LEMMA 2

C.1. Identifiability and enforceability. To prove Lemma 2, we need a few pre-
liminary results. The first result (Lemma 3 in Peski and Wiseman (forthcoming))
provides a bound on the size of solutions to a system of linear equations. For any
vector x € R", let ||z| = max; |z;| denote the sup norm. (Recall that ||z| denotes
the Euclidean norm, and notice that ||z|_ < [|z| < n|z||.) For each matrix A

with generic element a;;, let [|Al| , = max;; |a;]|.

Lemma 3 (Peski and Wiseman’s (forthcoming) Lemma 3). Let positive integers

j <n, matriz A € Mj,, and vector b € R? be given. If either

Case 1. dj(A) >0, or

Case 2. dj_1 (A) > 0 and there exists a nonzero vector a € R’ such that a’b = 0
and a’A =0,

then there exists w € R™ such that Aw = b and

1

wll . < —— A" 1B,
I Iloo_dk<A) 1A% 110l
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where k =7 in Case 1 and k =75 — 1 in Case 2.

Let U be the set of unit vectors in RY: U = {)\ e RY| I\ = 1}. For each unit
vector A € U, let N(X) = {i:\; # 0} and b(A) = minenen) |Ai]. Say that vector
A € RY is reqular if #N (\) > 2. Let m = myz x my denote the number of (state
change, public signal) pairs. The following result follows directly from Case 1 of

Lemma 3.

Corollary 1. For each d > 0, player i, state s, profile o such that d,,, (II; (a*, s)) >
d, and vector x € R™ such that ||z|, < M, there exists w € R™ such that
IL (o, s)w =2z and ||lw||, < d*M.

The next result requires only slightly more work.

Lemma 4. For each d > 0, state s, profile o such that dp,,4m;—1 (IL;; (%, 5)) > d
for all players i and j, each regular unit vector A\ € U, and each collection of vectors
{2} € xR™ such that |||, < M and o’ -z; = 0 for all i, there exists a mapping

w:Y x Z — RY such that for each player i,
I1; (o, s) w; = x;,

and, for each (y,z), A-w(y,2) =0, and ||w (y, 2)||, < d_lel,\)M'

Proof. Pick any i,j € N (XA) such that i # j. By definition of the matrices II,

aj - I (o, s) = of - 1 (a*,s). Case 2 of Lemma 3 then implies that there exists

w™ € R™ such that

and |Jw™ || < Tl)\)dflM. Using Case 1 of Lemma 3, for each player i ¢ N (\), there

exists w® € R™ such that for all actions a;,

I; (o*, s) w' =
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and ||w'||, < d'M. Fix i € N (\) and define w (y, z) as
wi(y,2) = Y w’(y,2
J#i
Yy .
w;i(y,z) = —)\—w I (y,z), for each j € N (A\)\ {i}
j

w; (y,2) = w'(y,z) for each j & N (N).

The result follows. O

C.2. Proof of Lemma 2. Lemma 2 follows easily from the following lemma.

Lemma 5. Suppose that the Identifiability Condition holds, and let C' > 0, € > 0,
and d > 0 be given. Then for each each unit vector \* € U, there exists 6y« < 1 and
M > 0 such that for each § > 0x«, each state s, each payoff vector v* € Vg,Qe,d (s),
and each unit vector X\ € U N B(\*,ny+), there exist payoff vector v € RY, profile
a, and a continuation payoff function w Y x Z — [—M, M]N satisfying w(y, z) €
B (Vg,%d (s+(1—=9)z), e) such that

(1) (4.1) holds for each player i, and

(2) A-v>X-v"+e.

Proof. We consider three cases separately:

Case 1: Regular \* € U. We first observe that the definition of collection Vng,d (s)
implies that for each state s and v* € Vgge,d (s), we can find continuation payoffs
Ut € XgViy 4(s') satistying [lu*(s) —u*(s')|| < &lls — ||, and profile o* satisfying
A, ym;—1 (I (a*, s)) > d for all 4, j, such that

(1=10)g(a*,s)+0> pzl(a*,s)[zlu*(s+ (1 —0)z) =v" +2(1 —d)er™.
Let v = v* 4 e\*. Now let

xi(a;) =
{ (1= 0)g: (07, 5) + 6 T2 pz (0", 8) [z (s + (1 = 9)2) }
"1 = [0 =06)gi ((ai,a%,),s) +65. pz(<a@, “),8) [2Jup(s + (1= 6)z)]
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Note that ||z;]| < 2522(M + &zmas) (because |[u*(s) — u*(s)|| < 24 ||s — ¢[|), and
O[ Ty = O Let A = 2<M + Zmaa:)b(N)
1Y x Z — RY such that \* - @(y, z) = 0 for each (y, 2), [|@ (y, 2) ||, , and

for each player 1,

By Lemma 4, then, there exists a mapping

Hi (Oé*, S) UA)Z = XT;.

Define é = ze {1 —2(1 — §)}, and let
w(y,z) = u(s+(1—=08)z)+eX +w(y,z2).
Then simple computations show that for any player ¢ and any action a; € A;,

(1= 8)g: ((as, 0, ,s)+5z(yzemp<<az, o), 8)[y. 2w (4, 2)
= (1-19)g (az,a ,S)+ Y, pZ(al, ),3)[] s+ (1—9)2)] + 0eX;
{ (1= 8)gi (o, s) + 05, pz (a,s) [2]ur(s + (1 — 6)2) }
= (1= )i ((a,0%0). 8) +0 T2 pz ((@s,0%), 5) [uf(s + (1= 9)2)]
= (L=0)gi(a*,s) + 3. pz () [e]ui (s + (1 — 6)z) + 6€N]
v 4201 = 6)eX + e {1 —2(1 — &)} A
vl + €A}

= ;.

That is, (4.1) holds with equality for all players and all actions. It remains to show
that w(y, z) € B (VC‘S,QE’d (s+(1—0)z), e) for each (y, z). Observe that

E_g:€{1_(15{1—2(1—5)}] :61557

so the distance from u*(s+ (1 —6)z) +éX* to u*(s+ (1 —d)z) + e\* (on the boundary

of B(u*(s+ (1 —46)z),€)) is 15%. As a consequence, the distance from u*(s + (1 —

§)z) + éX* to the boundary of B (u*(s+ (1 —§)z),€) along the hyperplane A =
Auf(s 4 (1 — 5) ) i 1%66. Since A\* - @(y,2) = 0 and ||@ (y)|,, < 524, if § is

=2 e and w(y, 2) (= u*(s+(1—5)z)+€/\*+w(y, z)) lies

close to 1, then X224 <
in B(u*(s+ (1 — 6) ), €)C B (Vc,ze,d (s+(1—10)z) ,e) . Because b()\) is continuous,

3This is the step where we require that C' > 0.
4This is the step where we require that d > 0.
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there is a dy« < 1 that works for all unit vectors A close enough (within some 7+ > 0)
to A*.

Case 2: X} = —1 for some i, and \; = 0 for all j # i. The definition of collection
Vi eq (s) implies that for each state s and v* € V3, d (s), we can find continuation
payoffs u € x V{3, 4 (s') satisfying [lu(s) — u(s')|| < & ||s — &[], and profile o, such
that for each a;, dp,, (I1; ((a;,a_;), s)) > d for all j # i and

(1=0)gi (@i, ), 8) + 0> pz ((ai,ay), s) [2lui(s + (1 = 6)z) < vf —2(1 = d)e.
Let a; be an action that mzaximizes
(1 =0)gi (@i, y),8) + 0D pz ((ai,a ), s) [2Jui(s + (1 = 9)2),
let o = (a;, a_;), and let Z
v=(1-0)g(as)+ 5ZZ:pz (@, ) [zlu(s + (1 = 0)2).

Define the vector v as v; = vj — ¢, and v; = v; for all j # i. Now, for each j # ¢,
let

zj(a;) =

6{ - [(1—5)9 (a5, ;).5) + 85 pz (5,2 5), 5) [l (s + (1= 6)z)] }

Note that [|lz;]| < 522(M + Lzp4) (because [lu(s) —u(s)[| < &ls—|]), and
aj - x; = 0. Recall that A = 2(M + zmax)N L - By Corollary 1, then, there
exists a mapping @ : Y x Z — RY such that for each (v, 2), [|@(y,d2)||, < 5°5,

w; (y,z) = 0, and for each player j # i,
L, (o, ) W = z;.
Then let
wi(y,z) = w(s+(1=0)z)+d(y,2)

for j # 4. It is straightforward to see that for any player j # ¢ and any action a; € A;,

(1=0)g; ((aj,a;),s) +6 X pllag,ay),s)ly, 2Jw; (y,2) = v; = v;.

(y,2)€EY X Z
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That is, (4.1) holds with equality for all actions for all players j # i. For player i,
define € = 5 {e — (v} — v;)}, and let
w; (y,2) =u;(s+ (1 —=9)z) — &

Then a; is a best response for player i, and

(1—=0)gi (a,s) + 0 Xy 2)evxz pla, 8)y, 2lw; (y, 2)
= (1-=9)gi(a,s)+6X,pz(a,s) [z]u(s+ (1 —0)z) — 0

= v —{e— (v —u)}

= ;.

Thus, (4.1) holds for all players. It remains to show that w(y, z) € B (vg’%d (s+(1—=10)2) ,e)
for each (y, z). Observe that

A ()
> e [0—1]+32(1 —d)e
_ 18

5
(recall that v; < vf — 2(1 — d)e), so the distance from w;(s + (1 — 0)z) — € to w;(s +
(1—46)z) — € (on the boundary of B (u;(s + (1 — §)2),€)) is at least 15%. The rest of

the proof is the same as in the previous case.

Case 3: N\ = 1 for some i, and \; = 0 for all 7 # i. The proof of this case is
analogous to that of Case 2. U

Now we can complete the proof of Lemma 2.

Proof of Lemma 2. Lemma 5 associates a 0y« < 1 and ny+ > 0 with each unit vector
A" € U. Because the set of unit vectors U is compact, there is a finite collection U
of A*’s such that U = Uy B(A*,n)+). Setting 0* = maxy dy-, we conclude that for
each 0 > 0%, each state s, each payoft vector v* € ngggd (s), and each unit vector
A\* € U, there exist payoff vector v € RY, profile o, and a continuation payoff function
w:Y x Z = [—-M,M]" satisfying w(y,z) € B (Vg’zﬁd (s+(1—10)z) ,e) such that
(4.1) holds for each player i, and A -v > X - v* + €.
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Thus, when ¢ is high enough, then for each state s and each payoff vector v* €
Vi ea (s), B(v*,€) is contained in the convex hull of the set of payoffs decomposable
with respect to {B (Vgge,d (s') ’€>}s’es and ¢ in state s. The availability of a public
randomization device implies that that set is convex, and so equal to its convex

hull. 0

APPENDIX D. PROOF OF THEOREM 2

First, it is useful to define

Vg,o+,d (s) = U Vg,e,d (s)

>0

for each state s, C >0, d > 0, and 6 < 1. Then Theorem 2 follows from Lemma 6:

Lemma 6. For each ¢g > 0, Cy > 0, and dy > 0,

(1) for each game G, limec—oVZ ., 40(50) = Viey.ao (50);

(2) for each game G, if the Identifiability Condition holds, then
lim infa o V&) 0400 (50) = Vi 040(50); and

(3) for generic G, V{4, 4.(s0) = V&, 0.0 (S0)-

Proof of part 1. Let zy, = min,ez {||z|| : 2 € Z, 2z # 0} denote the magnitude of the
smallest possible nonzero state change. Given ¢, then, if the state changes from one
period to the next, the new state must be at least (1 — d)z,;, from the old one.
Also, recall that the distance between any two feasible payoffs is no greater than 2M.
Therefore, for C' < %, the restriction that [|u(s) — u(s)|| < & ||s — &'|| is always

satisfied, and so Ugs = UI%S. Thus, ngemdo (so) = ‘/E)[feo,do (sg) for all C' < 7(1731)\?"1'", O

To prove part 2, here is a preliminary result (Lemma 4 in Peski and Wiseman
(forthcoming)) that provides a lower bound on the local “variability” of non-zero
polynomials. Let m = #A denote the number of action profiles. For each positive
integer n, let F,, ,, be the space of polynomial functions f : R™ — R with m variables
and of order not higher than n. We consider restrictions of such polynomials to the
simplex A,, of probability distributions a over action profiles. For each ¢ € (0,1), let

Fm(c) € Fum be the subspace of polynomials f such that sup,ca,. [f (@) € [c, 1].
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Lemma 7 (Peski and Wiseman’s (forthcoming) Lemma 4). For each n, ¢ > 0, and
n > 0, there exists a constant ¢ > 0 such that for each polynomial f € Fy (c) and
each profile a € A,,, there exists a profile &' € A, such that || — /|| < n and

[f (@) = e
Part 2 of Lemma 6 follows from the following lemma:

Lemma 8. If the Identifiability Condition holds, then for each n > 0, there exists

d,, > 0 such that for each state s, each action profile o, and each player 1,

<

—1

(1) there exists an action profile ', for players other than i such that Ha,i —a

1 and for each action a; € Ay(s) and each player j # i, d,y, (Hj (ai, O/_i)> >
d,.

(2) there exists an action profile o such that ||a — /|| < 35 and dpp,ym;—1 (IL;5 (') >
d,.

Proof. The existence of a d; > 0 satisfying the two conditions follows from the fact
that the determinant of any of the relevant matrices is a non-zero polynomial in the

mixed strategies of the players, Lemma 7, and the proofs of Lemmas 6.2 and 6.3 from

FLM. U

Part 3 of Lemma 6 follows from the following lemma:

Lemma 9. For any integer k > 0, the set

1
G5 = {G € G+ [V, 050 G) \ Vi vt (5010 = 1 }
is nowhere dense in Gy.

The proof of Lemma 9, in turn, relies on Lemma 10, which shows that self-6, C, ¢, d-

FIR payoffs for a game G € G are self-6, C, 0, d-FIR for some nearby game.

Lemma 10. For any game G € Gy and any open neighborhood U C Gy of G, there
exists G € U and € > 0 such that for each state s, V3, o4 (5:G) C V& cao (3; G').

Proof. By the definition of Gy, we can find a function v : S — R mapping states

into payoff vectors and a scalar ¢ > 0 such that for each state s, B(v(s),¢) C
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intVy, 0.4, (s;G) . For eachn > 1, define the game G""=(p}", g""), where

9" (a,s) = ng (a,s) = (n = 1)v(s)
Pz (a,8)[z] = npz (a,s) [2].

Notice that G5* = G. We choose the parametrization so that as 1 increases, pseudo-
instantaneous payoffs 1 (a, s, u; G"") expand radially from v (s) relative to payoffs
¥ (a,s,u; G): for each action profile a, each state s, and all continuation payoffs
uw:S — RY,

Y (a,s,u; G™) —v(s) =1 (wé (a,s,u; G) — U(S)) : (D.1)
To see that Expression D.1 holds, note that

Y (a, 5,u; GT) — o(s)

= g7 (a,8) + 0 Xaey pE" (a,5) [] MO0y ()

= ng(a,s) = (n—1)v(s) + 0 C.cpnpz (a,s) [o]LHITD=E oy (5)
0 (9(a,9) +05.ez pz (a,5) [o]“CHITD=E) g ()

— e (a,5,u G) — 0(s).

To complete the proof, we claim that for any n > 1, there exists € > 0 such that
for each state s, V3, o4, (5:G) C V& cqo (5:G™). Let € = (n—1)¢. We show that

collection ng,do (;;G) is self-6, Cy, €, dp-individually rational in game G™. Using
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Expression D.1, we get

8,Co,do (.. 7/6 s
Ci (8’ V00701d07 G" U)

7

N nl {max(1 — 0 ((ai, i), 8,u; G77) + 5%‘(3)}
afiEAi(s,do),uEUgg . a;€A;
Co,0,do’
= (1 —=9d)ui(s)
+ inf {max(l —9) {@bf ((ai, a_g) , 8, u; G™?) — vi(s)} + 5ui(s)}
afiEAi(s,do),uEUgg . a;€A;
Cop,0,do’
= (1 —=9d)ui(s)
+ inf {max(l —0)n {1/);5 ((a;, ), s,u;G) — vi(s)] + 5Ui(8)}
afiEAi(s,do),uEUgg . a;€A;
Co,0,do’
o a1 = 808 (@i, 04) 5,03 G) + )|
= _ inf a;€A;
R (1 =) (1~ D)) + ()]
(D.2)
Let
(o, u*) € arg inf {max(l — N (a5, ), s,u; G) + 5ui(s)} )
afiGAi(s,do),uEUgg a;i€A;

S
»
Co,0,do

Then the last line of D.2 is no greater than

n [mea/;;u = o) ((ai,0,) 5,0 G) + M(s)] + (1= n) [(1 = d)vi(s) + dui(s)]

= e N (V8 040 G) + (1 =) [(1 = d)vils) + duj (s)]

— efaCo,do (s; Vgo707d0; G) — (77 — 1) {(1 — 5)?)2'(8) + 5uj(3) _ e?aco,do (3; Vg‘o,o,do; G)} .
Because e)“0% (s; Vo 0.do; G) < vi(s) — € and X% (s; Vo 0.do; G) < uf(s), we get
that
DN (5 V0 GT) < TN (55VE 0001 G) — (= 1)(1 = 0)é

= HCod (8; Vs 0.do’ G) —(1—=9)e.
Thus, Vcéo,o,do is self-0, Cy, €, dg-individually rational in game G"™".
Next, we show that V3 o4 (s G) is self-6, Co, €, do-feasible in game G™. Take any
vo € V&, 0.4,(s) and v' € B(vg, (1 — &)e). For each unit vector A,

)\-v’g(1—(5)e+)\~vog(77—1)(1—5)6/+)\-w5(a’\,s,u’\;G),
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where
A, A 5 .
(a,u)éarg max Ay (a,s,u;G).
acA(s), uel D
CO 0,dg"°

Because V3 4, (- G) is self-0, Cy, 0, do-feasible in game G, and B (v( ), ) C V040 (5);
it must be that € < \- (W (a ,s,u)‘;G) —v (5)) and

Av' <=1 (1=08) + A [(1— )¢’ (a* 5,u* G) + u(s)]
<=1 (1= [ (a* 5,0 G) —v(s)]

+ (1= 0)A- [0 (a},5,uY G) = v(s)] + A+ [(1 = O)v(s) + dur(s)]
=n(1=0)A- [ (a*,5,u* G) — v (s)] + A+ [(1 = 8)v(s) + 6u’(s)]
=(1=8)X- [¢ (a,5,u%G™) — v (s)] + X+ [(1 = O)u(s) + dur(s)]
=\ [ =00 (0¥, 5,u% G™) + ou(s)] |

where the second equality comes from Expression D.1. The above implies that

V' e co{(l — 0)Y° (a, s,u; G™) + u(s) 1 a € A(s) and u € Uv S},

Cp,0,dg’

50 V3, 0.40 (-3 G) is self-6, Co, €, do-feasible in game G O
Now we can prove Lemma 9:

Proof of Lemma 9. Pick any k and any open neighborhood U C G,. We want to show
that U N Q’S is not dense in U. Suppose, to the contrary, that U N ng is dense in U,
and choose Gy C UNGL and 1 > 0 such that B(Gy,n) C U. By the definition of G},
|V, 0,00 (50: G1)|| > £

Next, by Lemma 10, there is a G} € B(G1, 2) such that Vs 0o (50: G1) © VE e a0 (503 GY)
for some €; > 0. Because ¢° (-, -, -; G) is continuous in G, there exist 7, € (0, g) and

€ (0,€1) such that V& ., 4, (s0: G}) C Vgo,e,ljdo(so; G) for all G € B(GY,n;). Because
Umg’g is dense in U, thereisa G € g’g within 7, of G} (and therefore within 2+7 <n

of G1). Since Vgo o (50;GY)
,€1,00

that HVCo 0.0 (503 G1)
By a similar argument, there exists a G, € G within 2+ 4k of G (and therefore
within 2+7+14-7L < 1 of G1) such that HVCOOdO(so, Gy > HV&,WO(SO; G)|+: > 2.

HVCO 0,do (50;Gh) H , the definition of Q’g implies

>2

1
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By repeating the argument, for any integer n > 0 we can find a G;; with the property
that HVgo,O,do(S(ﬁ G;/L)
are bounded in magnitude by M,

‘ > HT” But this is a contradiction: because stage-game payoffs
V&, 0.d0 (505 G)H cannot exceed (2M)N. O
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